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Bu ¢alismada kuyruk sisteminde islem silresi herhangi bir bilinen teorik saf
dagilima uymadigi zaman, karma dagilim modeli ile temsil edilmesi konusu
calisilmigtir. Karma dagilim modelinin performansini belirleyebilmek igin islem
siiresinin normal karma dagilimlardan ve Ustel karma dagilimlardan olustugu
kuyruk sistemleri icin incelenmistir. Kuyruk sistemi analizi igin parametre

belirlenirken 6zellikle islem stiresi Gizerinde durulmustur. c? testi uygulanarak

islem sdresi igin istatistiksel dagihim modeli ve parametreleri tahmin edilmeye
calisilmigtir. Bilinen herhangi bir teorik saf dagilima uymadigi durumlarda ampirik
dagilim olusturulmustur. Fakat ampirik dagilimi olusturmak o6zellikle belirli
aralikta veri yigilmas: mevcutsa ¢ok uzun sirdiglinden dolayi, bu veriler normal
karma dagilim yaklasimiyla temsil edilmeye ¢ahisilmistir. Veri setinin P-P, Q-Q
grafikleri, Akaike ve Bayesian bilgi kriterleri yardimiyla bilesen sayisi
belirlenmistir. Beklenti-Maksimizasyon algoritmas: ¢alistirilarak her bir bilesenin
ortalama, standart sapma ve karma orani hesaplanmistir. Normal karma dagilim ve
ampirik dagilim yaklasimlar: ile hesaplanan kuyrukta bekleme sireleri teorik
sonugclar ile karsilastirip performansi degerlendirilmistir.

Anahtar Kelimeler: Karma Dagilim, Saf Dagilim, Kuyruk Teorisi, Beklenti
Maksimizasyon Algoritmasi
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In this study, a mixture distribution model was used when the server time
in the queuing system did not fit any known theoretical pure distribution. To
determine the performance of the mixture distribution, normal mixture distributions
and exponential mixture distributions model of the process time were used. Chi-
square test was applied to estimate the statistical distribution and parameters for the
server time. An empirical distribution was established when there was no known
theoretical pure distribution. However, when the empirical distribution is used, the
gueuing system is tried to be represented by the normal mixture distribution
approach. Because the empirical distribution takes a long time to produce,
especially if there is a certain amount of data accumulation. The number of
components has been determined with the aid of P-P, Q-Q plot, Akaike and
Bayesian information criteria. After estimating the number of components, the
mean, standard deviation, and mixture proportion parameter of each component
were calculated using the Expectation-Maximization algorithm. The queuing times
calculated by normal mixture distribution and empirical distribution approaches
were compared with the theoretical results and their performance was evaluated.

Keywords: Mixture Distribution, Pure Distribution, Queue Theory, Expectation-
Maximization Algorithm



GENISLETILMIS OZET

Normal karma dagilim modellerinin performans: kesin ¢ozumi olan
M/M/1 ve M/G/1 kuyruk sistemlerinde test edilmistir.

Karma dagilim modellerindeki tahmin edilen bilesen sayisi ve
parametrelerin dogrulugunu tespit edebilmek acisindan 10000 adet say: belirli bir
sistematik icerisinde tim durumlar icin Gretilmistir. M/G/1 kuyruk sistemi igin
uretilen normal karma dagihimlar, Mahalanobis sayis1 1.5, 2, 2.5 ve 3; M/M/1

kuyruk sistemi icin ise Ustel karma dagilimlarin ml/m2 orant 1.5, 2, 2.5, 3 olacak

sekilde tim karma oranlarinda sistemin duragan durum olmas: gerektigi dikkate
alinarak diizenlemistir.

Uygulamalarda islem siiresi hakkinda higbir bilgiye sahip olunmadigi
varsayilmistir. Veriler ¢? testine gore herhangi bir bilinen teorik saf dagilima

uyup uymadig: test edilmistir. Bilinen bir teorik saf dagilima uymadig: durumlarda

ampirik dagilim olusturulmustur. Benzetim programinda olusturulan ampirik
dagilima uygun sayilar Gretilmistir. ¢ testi sonucunda test verisinin bilinen bir saf

dagilima uydugu durumlarda ise bu saf dagilimlar kullanilmistir. Karma dagihm
modeli yaklasiminda ise, islem sirelerini olusturdugu kabul edilen test verilerinin
karma normal dagilimdan geldigi kabul edilerek BIC degerlerine gore bilesen
sayist tahmini yapilmistir. EM algoritmasi ile karma dagilimdaki her bir bilesenin
parametre tahmini yapilmistir. Parametre tahmini yapilan karma dagilim modelinin
test verilerini temsil ettigi Mann-Whitney U ile test edilmistir. Karma normal
dagilimlarda olusan durumlarda ampirik dagilim olusturulurken 50 kategoriye
ayirmak yeterli olurken, dagilimlarin Ustel karma dagilimlardan olustugu
durumlarda 300 kategoriye ayirmak zorunda kalinmistir. Bunun sebebi, Ustel
dagilimin belirli bir aralik icerisine verilerin yigiimasidir. Uretilen ampirik dagihim
ve normal karma dagihim verilerinin ortalama ve standart sapma degerleri

hesaplanarak M/G/1 kuyruk sistemine c¢evrilerek performans kriteri olarak



belirlenen kuyrukta bekleme stresi W, dakika cinsinden hesaplanmis ve test

verileri ile elde edilen teorik sonugclar ile ampirik fonksiyon ve normal karma
dagilim yaklasimiyla elde edilen degerler karsilastirilarak yizde bagil hata

hesaplanmustir.
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1. GIRIS Selin SARAC

1. GIRIS

Ilk olarak 1894 yilinda Karl Pearson tarafindan uygulanan karma
dagilimlar, tek bir saf dagilim ile veriler temsil edilemediginde kullanilabilir.
Karma dagilimlar, Weldon’un 1892 vyilinda elindeki 1000 yengecin alin
genisliklerinin boy uzunluguna orani verileri tek degiskenli normal dagilm
kullanarak incelediginde olusan histogram grafigindeki asimetrik durumun iki yeni
alt tir nedeniyle olusabilecegini disunmesiyle ve matematiksel yontem igin
Pearson’ dan yardim istemesiyle baslar. Biyolojik problemlerde temel istatistiksel
analiz olarak gorilen Pearson’ in 1894 yilinda yaptigi bu c¢ahismada ahn

geniglikleri ve boy uzunluklari iki farkli dagihm olarak distnulerek, bu
fonksiyonlart m ve m, ortalamali, S/ ve 822 varyansli, p, ve p, karma oranh

iki normal olasilik yogunluk fonksiyonu karmasi seklinde tanimlamistir
(McLachnan ve Peel, 2000). Sonlu karma dagilimlarin bilesen sayilarini belirleyen
parametreleri, karma oranlar1 ve bilesen dagilhim parametreleri olmak Uzere (g
parametresi mevcuttur. Bu parametreleri belirleyebilmek icin cesitli istatistiksel
tahmin yontemleri kullanilmas: gerekmektedir.

Calismanin temelini kuyruk teorisinde karma dagilimlarin kullaniimasi
fikri olusturmustur. Kuyruk modellerinde pek ¢ok stokastik durum mevcuttur ve
sistemin analitiksel olarak dogru ¢6zimi bu durumlarin istatistiksel olarak dogru
temsil edilebilmesine baghdir. Bu sebeple stokastik ortamlarda isletmelerin
yasamlarini strdlrebilmeleri icin, planli ve sistemli olmalari gerekmektedir.
Deterministik ortamlarda analizleri yapmak oldukga kolaydir. Bir takim
matematiksel formullerle ifade edilen esitlikler bu formulde yer alan her bir
degiskenin degeri bilindigi icin rahat bir sekilde kullanilabilmektedir. Bu sebeple
matematiksel olarak ifade edilemeyen karmasik yapidaki bir stokastik sistemi
cozumleyebilmek icin Benzetim modellerinden yararlanmak gereklidir (Halag,

1991). Uygulamada analiz edilmesi gereken sistemler bir ya da birden fazla

1
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rassallik kaynagina sahiptirler. Ornegin bir acil servis sisteminde; hastalarin
gelisler arasi suresi, hangi bolime geldikleri, hastanede kalma suresi tamamen
rassaldir. Haberlesme alaninda; bir telefon gorusmesinin uzunlugu, bir sonraki
mesajin gelis suresi ya da gelecek olan mesajin uzunlugu ya da bir banka
sisteminde; mdisterilerin gelisler aras: sureleri, sistemde kalma sireleri yine
rassallik gosterir. Fakat bu sistemlerin tanimlanmas: ve bir takim karar destek
sistemlerinin kurulmasi igin; érnegin acil serviste ka¢ doktorun hazir beklemesi
gerektigi ya da bankada ka¢ veznenin acik olmasi gerektigi, hangi vezne
prensibinin  uygulanmas:1  gerektigi gibi; bu rassalliklarin  yonetilmesi
gerekmektedir.

Sistemin matematiksel olarak analiz edilebilmesi igin islem zamanlari,
makine calisma zamanlari, misterilerin gelisler arasi stiresi, makine tamiri gibi
girdiler rassallik gosteren girdilerin olasilik dagilimlarinin belirlenmesi gerekir. Bir
makinede calisan iki farkl: is¢i ya da bilinmeyen bir kaynaktan farkli dagilimlarda
gelisler arasi stireler mevcut olabilir ve bu tarz verilerin bilinen higbir dagilima
uymadigr durumlarda veri setinin karma dagilim sekilde olusmus olma ihtimali
dusunalmelidir.

Sistem, matematiksel olarak ne kadar dogru temsil edilirse, teorik olarak
hesaplanacak olan performans ciktilari gergek duruma o kadar yaklasir. Bu sebeple
veri setlerinin iyi analiz edilmesi gerekmektedir. Elde edilen performans ¢iktilari
sistemi iyilestirmede ve yorumlamada 6nemli roller oynar. Ornegin kuyrukta
ortalama bekleme sirelerine ya da hizmet noktalarinin yogunluk degerlerine gore,
ek hizmet noktas: acilip acilmamasi gerekliligi; kuyrukta bekleyen ortalama driin
sayisina gore kurulmasi gereken stok alani gibi problemler ¢ézulebilir.

Bu calismada kuyruk teorisi, normal karma dagihmlar yaklasimi ile
incelenerek performans: degerlendirilmistir. Analizde islem slresi veri setleri,

normal karma dagilimlardan ve Ustel karma dagilimlardan benzetim programinda

sistematik bir sekilde Gretilmistir. islem siresi igin Gretilen sayilar ¢? uygunluk
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testi ile bilinen herhangi bir saf dagilima uyup uyumadig: test edilmistir. islem
stiresi parametreleri bilinen higbir teorik dagilima uymadigi durumlarda ampirik
dagilim olusturulmus ve bu dagilimla Gretilen sayilar, kullanilan veri setini temsil
edip etmedigi Mann-Whitney U testi ile test edilmistir. Herhangi bir saf dagilima
uymayan durumlarda ampirik dagilim olusturulduktan sonra normal karma dagihm
yaklagimi ile kuyrukta bekleme siresi hesaplanmak istenmistir. Bunun igin
oncelikle veri setinin normal karma dagilimlardan olustugu kabuli yapilmistir. BIC
degerine bakilarak bilesen sayisi tahmini yapilmistir. Tahmin edilen bilesen
sayisina gére EM algoritmas: c¢alistirilarak her bir bilesenin standart sapma,
ortalama ve karma yuzdeleri tahmin edilmistir. Ampirik dagilim ve normal karma
dagilim yaklasimlar: ile elde edilen sonuglar teorik sonuclar karsilastirilarak

performans analizi yapilmustir.
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2. ONCEKI CALISMALAR

Son yuzyildan bu yana verileri igleme ve anlama konusunda istatistiksel
anlamda pek ¢ok calismalar yapilmaktadir. Ronald A. Fisher, Karl Pearson ve Jerz
Neyman’in calismalar: bu disiplinin gelismesinde énemli rol oynamistir. Ozellikle
rasgeleligin bulundugu alanlarda, istatistiksel olarak sistemi taniyabilmek karar
mekanizmalar1 igin olduk¢a Onemlidir (Shaughnessy ve Pfannkuch, 2002).
Analitiksel ¢oziimler yayginlasmaya basladikga karma dagilimlar ekonomi, ziraat,
botanik, tip, su drunleri, psikoloji, biyoloji, zooloji gibi pek ¢ok alanda
kullanilmaya baslanmustir (Titterington ve ark., 1985).

1890’l yillarin sonunda Weldon’un verileriyle Pearson yaptigi ¢alismada
cinsiyete gore yengeclerin alin hacimleri ve karides dis uzunluklartyla normal
karma dagilimlarda momentler yontemini kullanarak tahmin etmistir. Ardindan
parazit tdrlerine gore uzunluklart normal karma dagilim olarak kabul ederek
momentler yontemini kullanarak tahmin etmesiyle devam etmistir ¢alismalardan
sonra karma dagilhimlara kars1 olan ilgi hizla artmaya baslamistir. Arastirmacilar
uzun yillar karma dagilimlarin yapisi hakkinda bilgi sahibi olmaya galismis, zaman
gectikee cesitli alanlarda uygulamaya baslamistir.

Karma dagilimlar konusunda yapilan ¢alismalar en yaygin olarak hakkinda
cok genis bilgi sahibi olunmasi sebebiyle normal dagilim bilesenlerine sahip olan
sonlu karma dagilimlar konusundadir. Pek cok arastirmaci karma dagilim
parametrelerini farkli sekillerde tahmin etmeye calismigtir. Bir calismada tek
boyutta (¢ bilesenli normal karma dagilimin parametreleri momentler yontemiyle
tahmin edilmeye calisilmistir (Pollard, 1934). Daha sonra iki normal karma
dagilimin varyanslar: esit kabul edilerek en ¢ok olabilirlik yontemi gelistirilerek
parametre tahmini yapilmistir (Rao, 1948). Gunlik yasamdaki rasgelelikler
inceledikge, karma dagilim yaklasiminin saglikli bir sekilde ¢alistigi gorulmustar.

Ornegin, Penn State’te kizlar ve erkeklerden olusan bir grup 6grencinin
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uzunluklarinin incelendigi calismada, uzunluklarinin olusturdugu dagilimin normal
karma dagilima uydugu gérilmdistar (Joiner, 1975).

Karma dagilimlar ile ilgili en 6nemli calismalardan biri olan EM
algoritmasimin ortaya cikisi, bu algoritmaya bagh olarak en cok olabilirlik
yontemine analitik yaklasim agisi gelistirmistir (Dempste ve ark., 1977). Bu
calisma sonucunda karma dagilimlarin en cok olabilirlik tahmine dayali analitik
cozumlenmesi pek cok grup tarafindan ilgi ile karsilanmistir ve EM algoritmasi
karma modellerin parametre tahmininde sikga kullanilmaya baslanmigstir. 1980°li
yillara kadar bu iki metot ile ¢ahisirken, bilgisayarlarin yayginlasip gelismesiyle
cesitli algoritmalar gelistirilerek tahmin etme yontemleri gelistirilmeye
cahisilmistir. (Redner ve Walker, 1984). Ornegin tek degiskenli karma normal
dagilimin parametreleri en ¢ok olabilirlik ve bulanik ¢ ortalamalar1 yontemleriyle
tahmin edilip sonuclar1 karsilastirilmistir, bulanik ¢ ortalamas: yontemi daha hizh
olmasina ragmen iyi karigtirllmis dagilimlarda en ¢ok olabilirlik yontemi daha iyi
sonuclar vermistir (Davenport, Bezdek ve Hathaway, 1988).

Cahismalar genisledikce karma dagilimlar cesitli alanlara uygulanarak
istatistiksel tanimlamalar ve karar destek sistemleri olusturulmaya baslanmistir.

Karma dagilimlar biyoloji ve zooloji alaninda sikca kullaniimistir.
Baslangicta analitiksel yontemlerden c¢ok grafiksel yontemler kullaniimistir.
Ornegin bir cahismada baliklarin yasa gore uzunluklar: grafiksel olarak normal
karma dagilim ile tahmin edilmeye calisilmistir (Cassie, 1954). Analitiksel
yontemler gelistikce karma dagilim parametre tahmin yontemleri de degismistir.
Balik tarleri uzunluklari dagilimi incelenerek normal dagilimli yas kategorilerine
bolunerek karma dagilim modeli olusturulmustur (Bhattacharya, 1967). Bir baska
calismada farelerin DNA’s1 incelenerek elde edilen veriler normal karma dagilim
seklinde tanimlanmistir (Gregor, 1969). Yas faktorine gore baliklarin boy
uzunlugu minimum uzakhk ve en ¢ok olabilirlik yontemi ile elde edilmeye
calisitlmigtir (Dick ve Bowden, 1973). Farkl yaslardaki kediler ele alinarak, lif

kokd dagilimlarinin normal karma dagihm yaklasimiyla tahmin ydntemleri
6
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kiyaslanmistir (Everitt, 1987). Yapilan ¢alismalardan bir digerinde, cinsiyete bagh
olarak pisi baligi boylari en ¢ok olabilirlik yontemi kullanilarak elde edilmeye
calisilmistir (Erol, 1995).

Karma dagilimlar tip alaninda da kendine ¢ok genis yer bulmustur. Yapilan
bir caligmada, saghkli bir insamin kaninda bulunan segilmis proteinin degisim
araliginin dagilimi normal karma dagilim olarak modellenmistir (Erol ve Akdeniz,
1997). Bir ¢alismada, uygulanan tedavilerde basarisiz olan hastalarin olasiligin
bulabilmek i¢in normal karma dagilim model kullanilmistir (Pavlic ve ark., 2001).
Yapilan bir baska ¢alismada hastalik bulagma riskini tanimlamak icin ¢ bilesenden
olusan normal karma dagilim modeli olusturulmus ve bu normal dagilimlarin
bilesen parametreleri EM algoritmasiyla tahmin edilmeye ¢alisilmistir (Savanur ve
ark., 2002).

Tarim alaninda farkli musir tarleri normal karma dagilim modeli ile
tanimlanarak parametreleri momentler ve en c¢ok olabilirlik ydntemi ile
tanimlanmaya cahisilmistir (Tan ve Chang, 1972). Bu alanda bir baska galismada
ise, tarladaki driin yogunlugu karma model ile tanimlanarak en ¢ok olabilirlik
yontemi kullanilarak hesaplanmistir (Peters ve Coberly, 1976). Tarim arazisinde (¢
farkli bant Gzerindeki spektral parlaklik degeri igin U¢ bilesenli normal karma
dagilim modeli kurulmus ve parametreler momentler yontemi ile tahmin edilmeye
calisilmistir (Erol ve Akdeniz, 1995).

Ekonomi alaninda da karma dagihmlar uygulanmistir. Ornegin, toptan
fiyatlarin tlketici fiyatlari degisim orani normal karma dagihm kullanilarak
modellenmeye calisiimistir (Erol ve ark., 1997). Issizlik siirelerini tammlayabilmek
icin Ustel karma dagihm modeli uygulanmaya c¢ahisilmistir (Mosler ve Seidel,
2001).

Doga olaylarindaki rasgelelik sebebiyle, bu alanda karar verme
mekanizmalar1 saglikli islemedigi icin, olaylarin modellemesinde karma

dagilimlardan yardim alinmigtir. Bir volkanin patlamalari arasindaki sdreler
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Olcilmis wve bir sonraki patlama zamani karma normal dagilim modeli
olusturularak tahmin edilmeye calisilmistir (Shaughnessy ve Pfannkuch, 2002).
Endustride karma modeller, sistemi daha iyi tanimlayabilmek ve karar
destek mekanizmasim1 daha saglikli olusturabilmek adina kullaniimistir. Stok
planlamada yapilan pek ¢ok ¢alismada tedarik suresince gelen talep normal kabul
edilir fakat bu modellemenin gercegi yansitmadig: ortaya konulmustur (Ouyang ve
Wu, 1998). Bu sebeple; yapilan bir ¢alismada, teslim siresi ve siparis miktarin
belirleyebilmek igin olusturulmak istenen modelde, stoksuzluk periyodu suresince
geri siparigler ve kayip satiglar normal karma dagilim bilesenleri olarak kabul
edilmistir (Wu ve Tsai, 2001). Yapilan bir diger calismada; temin siresi esnasinda
farkli misterilerden gelen talebin tanimlanamadig:i kabul edilerek, kayip satis
ucretlerin karma dagilimh olan kusurlu Grunler dikkate alinarak dustrilmesi ele
alinmugstir. Burada kusurlu Grlnler tam ve kismi karma normal dagilhim olarak iki
model sekilde kurulmustur. Yapilan analiz sonucunda, en uygun siparis miktari,
tekrar siparis noktalari, kayip oranlari, temin slreleri simile edilebilir. Karma
modeller karar verme agisindan daha verimli oldugu icin; gercek sistemi daha ¢ok
yansittigi kabul edilir (Lin, 2013). Yapilan bir diger ¢alismada teslim suresi
esnasinda karma dagilima uyan talebin belirlenmesi ¢alismasinda; verilen servis
degeri icin stogun talep noktasinin, beklenen stok degerini minimum yapan siparis
miktarini hesaplanabilmistir. Karma dagihim yaklasimiyla, birim zamandaki talep
ve temin zaman: duruma bagh sekilde dizenlenebilir. Fakat karma dagilim olarak
kabul edilen durumlar en iyi sekilde; eger birim zamandaki talebin toplaminin
dagilimi normal, Ustel, gamma gibi standart formlarda oldugu bilindiginde ¢alisir
(Cobb, 2013). Yapilan bir baska calismada, heterojen her bir kiimenin bir kiime
olabilecegi temeline dayanarak, veri setini olusturan kime sayisi ve yapisi
hakkinda 6nbilgi sahibi olunmadan kiime yapisinin belirlenmesi problemi lzerinde
calisilmigtir. Heterojen verileri parcalayarak elde ettigi kiime parametrelerini en
cok olabilirlik ydntemine dayanan EM algoritmasi ile tahmin etmistir. Ayn

zamanda Bayesci bilgi kriterinden de (BIC) yardim alarak kiime sayilarini gergege
8
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en yakin sekilde tahmin etmeye calismistir (Fraley ve Raftery, 1998). Bir baska
calismada bilesen sayisinin  bilindigi  durumlarda Newton-Raphson ve EM
algoritmasi tahmin etme yontemleri karsilastirilmis ve EM algoritmasi hata kareler
ortalamasina gore diger yonteme daha iyi sonug verdigi gortlmistir (Agikgoz,
2007). Karma dagilimlarin  dogasi geregi, bazi durumlarda olabilirlik
fonksiyonunun maksimizasyon sartlarinin saglanamamasi, parametrelerin sinir
kiimelerinde bulunmas: sebebiyle parametre tahmini yapilamamas: hala

cozulememis bir problemdir.
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3. MATERYAL VE METOD

3.1. Rasgele Degiskenler icin Temel Tanimlar

Bir rasgele degiskenin karakteristikleri, olasihik kitle ya da yogunluk
fonksiyonun sekli ve parametreleri biliniyorsa tanimlanabilir. Bir rasgele degisken
kiimesinin olasiliksal olarak tanimlanabilmesi igin merkezsel degerleri ve dagilim
Olglleri en o6nemli temel bulyuklikleridir. Bir rasgele degisken kimesinin
parametreleri, dagilim fonksiyonunun belli dzelliklerini yansitan buyUkliklere
denir ve bu parametre degerleri muhendislik problemlerinin ¢ozilebilmesi igin
bilinmesi sart olan degerlerdir. Parametre degerleri bilinen bir dagilimin, hangi
degerler etrafinda kumelendigi, carpikhigi ya da sivriligi hakkinda bilgi sahibi
olunabilir. Parametreler pek c¢ok sekilde tanimlanabilir. En populer olarak
kullanilan parametre tiiri ortalama deger ve varyans degeridir (YYagci, 2017).

Ortalama deger, bir rasgele degisken kiimesinin merkezsel degeri hakkinda

bilgi veren parametre olarak tammlanabilir. Beklenen deger olarak da
adlandirilabilir ve E(X) yada M, olarak gosterilir.

X, olasilik yogunluk fonksiyonu f(x) olan bir strekli bir rasgele

degisken ise;
¥
E(X)=m, = xf(x)dx (3.1)
-¥

Kesikli bir rasgele degisken ise, olasilik kiitle fonksiyonu p(x;) olmak lzere (3.2)

denklemi ile ifade edilir.

E(X)=m, = Qxp(x) (3.2)

i=1
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En onemli parametrelerden bir digeri ise dagilimin degiskenligi olan

varyans degeridir. Varyans degeri, dagilimin ne 6lctide kiimelendigi hakkinda bilgi

veren bir parametredir ve ortalama degere gore karesel sapmalarin agirhkh

ortalamas: olarak hesaplanir.

X sirekli rasgele degisken ise,

Var(X) = ; (x-m )* f (x)dx

-y

X kesikli rasgele degisken ise,

Var(X) = é(xi -m)* p(x)

i=1

seklinde tanimlanar.

Bu tanimlamalara gore varyans; (3.5) olarak genel formunda yazilabilir
Var(X) = E((X -m,)?)
Varyansin karekok degeri ise standart sapma degeri s ’y1 verir.

s = /(Var(X))

3.2. Uretim Sistemlerinde En Cok Kullanilan Teorik Dagihmlar

(3.3)

(3.4)

(3.5)

(3.6)

Kuyruk teorisinde en ¢ok kullanilan dagilimlar ele alinmistir. Bunlar;

normal dagihm, ustel dagilim, erlang dagilimi ve hiperustel dagilimlardir (Adan ve

Resing, 2015).
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3.2.1. Normal Dagihm

Normal dagilim, tim olasilik ve istatistik dagilimlarinin arasinda en ¢ok
kullanilandir. “Gauss” dagilimi olarak da bilinen normal dagilimin grafigine
normal egri denir ve bu dagihmin kullanis agisindan uygun matematiksel
ozellikleri mevcuttur (Altiparmak, 2017). Evrendeki pek ¢ok olay normal dagilima
uygunluk gosterdigi icin yapilan arastirmalardan elde edilen verilerin
degerlendirilmesinde cok yaygin olarak kullaniimaktadir (Gul, 2016). Merkezi
limit teoremine gore, gozlem sayis1 yeterince biyUlk ise, n adet bagimsiz rasgele
degiskenler normal dagilima uyma egilimi gosterir ve normal dagilimi kullanigh
kilan nokta burasidir (Basol, 2013). Ciinkl alinan bir veri kiimesi normal dagilima
uymuyorsa bile bu dagilimdan alinacak olan 6rneklemlerin ortalamalarinin
dagilimlari merkezi limit teoremine gére normal dagihma yaklasacaktir (Girsakal,
2013).

Cizelge 3.1. Normal dagilim 6zellikleri

Gosterim | X : N(m,s?)

Parametreleri | m 1§ ,s2>0

X-m

Olasilik Yogunluk 1

f(x):S@

1
e_E( S

)

Fonksiyonu

Ortalama | M

Varyans | g2

Degisim Katsayisi s/m

Carpikhk | O

Normal dagihmlarda X rasgele siirekli degiskeni (-3,% ) araliginda

tanimlanmustir.

13
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¥
3 -¥<x< \ =
f(x)30, -¥<x<¥ _gf(x)dx 1 (37

Ortalama ve standart sapma degerlerine baglh olarak normal dagilim

olasilik yogunluk fonksiyonunun sekli degisir. Normal dagiim, m=0 ve S =1

oldugu zaman standart normal dagilim olarak adlandirilir.

Sekil 3.1.

06 F

0s r

04 F

0o3r

unn
-

A4,
i
e
]

TEETE
[ ]

"
r

-

5 4

] ;.

| 0 |

2 L

4

%

Farkl ortalamalara ve standart sapma degerlerine sahip normal dagilim

olasilik yogunluk fonksiyonlar: (Internet Kaynagi, 2018).

3.2.2. Ustel Dagihm

Ustel dagilim gegmisi unutma 6zelligi sebebiyle kuyruk modellerinde sikga

kullanilan bir dagilim cesididir. Ge¢gmisi unutma 6zelligi ise; bir kuyruk sistemine

gelen musterinin h birim kadar bekleme olasilig1 bir 6nceki musterinin ne kadar

bekledigine bagli olmadig: seklinde yorumlanabilir.
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Cizelge 3.2. Ustel dagilim 6zellikleri

Gosterim | X ~exp(l/1)

Parametreleri | | >0

Olasilik Yogunluk Fonksiyonu Je !X

Kimaulatif Yogunluk Fonksiyonu 1-e

Ortalama 1/|

Varyans 1/ ]2

Degisim Katsayisi | 1

Carpikhk | 2

Bir kuyruk sisteminde, misteri variglarinin genellikle rasgele oldugu kabul
edilir ve bu sebeple gelisler arasi sureleri tanimlamak igin Gstel dagilim kullanilir

(Koksal, 1980). t zaman icerisinde gelis hizi I parametreli Gstel bir dagilimsa,

gelis sayis1 It parametreli bir Poisson dagilimidir.

3.2.3. Erlang Dagilimi
k adet birbirine esit 1/1 ortalamasina sahip, bagimsiz Ustel dagilhima uyan

rasgele degiskenlerin toplami Erlang dagilimina sahiptir (Adan ve Resing, 2001).
Kuyruk teorisinde Erlang dagilim: k sayidaki olayin tlimiiniin ortaya ¢ikmasina
kadar olan zaman ile ilgilenir. Erlang dagilimi, sekil parametresi tam deger olan

gamma dagiliminin 6zel bir halidir.
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Cizelge 3.3. Erlang dagilim Ozellikleri

Gosterim | X ~E(k, 1)

Parametreleri | kK T¥, 1>0

Olasilik Yogunluk Fonksiyonu . | Kxk-le~1x
X )= ——mM8M
) (k -1)!

Kiamaulatif Yogunluk Fonksiyonu kst 1
1-';1—'(3-'*(”)n

n=0

Ortalama k/l

Varyans k/l 2

Degisim Katsayisi ]/\/E

Carpikhk 2'/&

Erlang dagiliminda sekil parametresi k =1 ise tstel dagilima dénisir. Bu
dagilim Erlang tarafindan, telefon santralinde ayn: anda yapilabilecek telefon
gorismeleri sayisim inceleyebilmek icin gelistirilmistir (Erlang, 1909). Erlang
dagilim: ginimuzde de telefon trafigi mihendisliginde bekleme sireleri, stokastik
sirecler, biyomatematik alanlarinda ve isletmelerde satin almalar arasindaki

stireleri tanimlamak icin sikca kullaniimaktadir (Chatfield ve Goodhardt, 1973).

3.2.4. Hiperustel Dagihm

X, X,y X, bagimsiz rasgele degiskenler tstel dagihma uyuyorsa ve
her bir Ustel dagihmin ortalama degeri farkliysa bu degiskenlerin toplam
X, +X,+..+ X, hiperustel dagilim ailesindendir. Hiperustel dagilimda
bahsedilen toplam, aritmetik olarak bir toplam degil, karma dagilim ailesine temsil
eden toplam semboludir yani her bir Gstel dagilim ailesi farkli oranlardan
P, Py,...y P, Olusur ve bu oranlarin toplami 1’e esit olur. Bir diger deyisle
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hiperustel dagilhim, bagimsiz Ustel dagihimlarin karmasi bir dagilimdir. Erlang

dagilimu, hiperustel dagilimin ézel bir durumudur (Papadopolous ve ark., 1993).

Cizelge 3.4. Hiperustel dagilim 6zellikleri

Olasilik Yogunluk Fonksiyonu | 2

afxi(x)pu
i=1

Ortalama | 3 o
=
i=1 B

Varyans & ®820 &3 16
apigp+-gapi|—+
=L e g eixl i 9

Degisim Katsayisi | ¢>1

3.3. Uygulamalar igin Dagihm Segimi

Gelistirilen benzetim modelleri deterministik olarak degil, olasiliksal
olarak durumu agiklamaya calisir (Yavuz, 2008). Bu sebeple mevcut veri setinin
istatistiksel olarak dogru belirlenebilmesi analitik sonug icin buyik 6nem arz
etmektedir. Uygulamalarda dagilim dogru secilemezse, bu girdiler (zerine
kurulacak olan parametreler ve hipotez testleri de yanlis olacagindan, sistem
timiyle anlasilmaz bir hal alabilir (Gursakal, 2013).

Bir girdide dagilimin belirlenebilmesi igin, ilk adim olarak bilinen
dagilimlardan birinin  secilmesi  gerekmektedir. Sonrasinda bu dagilimin
parametrelerinin belirlenip uygunlugu test edilmelidir.

Benzetim modellerinde kullanilan girdiler parametreleri bilinen bir
dagilima uygun oldugunda kullanilir. Bazi durumlarda bu veri seti bilinen hicbir
dagilima uymaz ve ampirik bir dagilim yardimiyla benzetim modeli kurulmasi
gerekir. Benzetim modeli igin belirlenmesi icin gereken girdi parametreleri gelisler

arasi sureler ya da islem zamanlaridir. Bu noktada, veri setinin karma
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dagilimlardan gelebilecegi ihtimali dustintlerek analiz yapilmas: bu g¢alismanin
temelini olusturmaktadir.

Girdiler icin uygun dagilhimin belirlenmesi ve benzetim modelinin dogru
calisabilmesi icin en Onemli asamalardan birisidir. Girdi dagilimlarin
belirlenmesinde 4 adim mevcuttur.

Veri E> Dagilim Uygunluk
Toplanmas: Sequm test:

Sekil 3.2. Girdilerin uygun dagilim belirleme asamalar:

flk adimda veriler toplanir. Veri toplamada dikkat edilmesi gereken bir
takim kurallar mevcuttur. Sistemin 6nceden g6zlemlenip hangi verilerin gerekli
olduguna, hangi zamanda toplanacagina karar verilmesi gerekmektedir. Ornegin
mevsimsellik iceren bir sistem s6z konusuysa, 12 ay boyuncu verilerin belirli bir
sistematikte toplanmasi gerekir ve sistem igin karar verilmesinde 6nemli
parametreler belirlenip, bu veriler (zerinde calisilmas:1 gerekir. Bir banka
sisteminde mdusterinin sistemde kalis siresi incelenmek istiyorsa; musterilerin
cinsiyeti ya da yas1 bu analiz icin gerekli olmayacaktir. Ayrica bir diger 6nemli
durum ise, 6rneklem sayisi arttikga dagilim segiminin dogrulugu da arttig: igin
yeterli verinin toplanmasi gerekliligidir. Toplanan veriler sistemi homojen olarak
temsil etmelidir. Veriler toplanirken 6zel bir durum olusmussa bunlar not
edilmelidir. Ornegin Uretim hattindaki bir makinenin islem siiresi not edilirken bir
vardiya degisimi olursa, islem siirelerinde farkliliklar olusabilir.

ikinci adim olarak dagilim ailesinin belirlenmesi gerekmektedir. Bunlardan
ilki nokta istatistikleri, digeri ise histogramlardir.

Nokta istatistiklerinde ortalama, medyan ve varyanslar; degisim katsayisi
ya da carpiklik Katsayilarindan yararlanarak tahminler yapilabilir. ilk olarak
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ortalama, medyan ve varyans yéntemi ele alinacak olursa, bu yontemde bazi ¢zel
dagilimlarin ozel istatistik degerlerine sahip oldugu prensibinden yararlanilir. Bu
degerler verilerden elde edilir ve teorik dagilimin nokta degerleriyle karsilastirilir.

Bu degerlerin hesaplanmas: igin aritmetik ortalama, varyans, mod ve
medyan degerlerinden yardim alinir. Ortalamast m ve s? varyansl bir normal
dagilimda medyan degeri m ve medyan degerine esit olur. Eger ortalama degeri
medyan degerinden bllyukse grafik saga, eger ortalama deger medyandan kigukse
grafik sola carpik olacaktir. Olasilik yogunluk histogramu cizilerek verilerin bilinen
bir olasilik dagilimina benzerligi tespit edilmeye calisilir.

Ikinci yontem olarak degisim katsayis: ve Lexis oranlarindan yararlanarak
stirekli dagilimlar igin bir takim bilgi sahibi olunabilir. Degisim katsayisi S /m
formallyle hesaplanan surekli dagilimlar icin birimsiz bir degiskenlik 6lgtsuddr.
Degisim katsayisi 1’e yaklasikca veri setinin Ustel dagilim ailesinden oldugu
yorumu yapilabilir. Degisim katsayis1 1’den buyikse, veri seti sonlu Ustel karma
dagilim yani hiperistel dagilima uyup uymadig: test edilmelidir (Sommereder,
2011).

Dagilim ailesini segme asamasinda kullanilan son yontem ise garpiklik ve

basiklik katsayis: degeridir.

Carpiklik katsayist bir dagihimin simetrikligi hakkinda bilgi verir ve a* ile

ifade edilir. a® = Eg(x—m)38/(sz)3/2 seklinde hesaplanir. a*degeri 0 ise

dagilim simetriktir ve normal dagilima uyar. a®<0 ise dagilim sola, a®>0 ise

saga carpiktir. &° =2 oldugu durumlarda veri seti tistel dagilima uyuyor denilebilir.

Dagilim ailesini belirlemede kullanilan bir diger yéntem ise histogramdan
yararlanmaktir. Histogramlar veri setinin olasilik dagilimi igin iyi ipucu verilen
grafiklerdir. Veri setinden elde edilen histogramlar, bilinen teorik dagilimlarin

yogunluk fonksiyonlar1 ile Karsilastirilarak tahminler yapilmaya caligilir.

19



3. MATERYAL VE METOD Selin SARAC

Histogram ¢iziminde aralik genigliklerin belirlenmesi gerekmektedir. Veri

setindeki gozlemler X;,X,,...,X; olsun. Agiklik esit K araliklarina boliinmelidir.
Bir arahgin genislizi Db ise, arahklar [bo,bl],[bl,bz],...,[bk_l,bk]
seklinde ilerler. Genel olarak aralik genisligi, Db = gbj - bj—lH olarak ifade edilir.

Aralik genisliginin belirlenmesi veri setinin hangi dagilimdan geldigini tahmin
edilebilmesi igin 6nemli bir asamadir. Aralik sayisi belirlendigi zaman, aralik
genisligi olan Db, [en biylk deger] — [en kicuk deger] / aralik sayisi, seklinde
hesaplanir.

Aralik sayis1  bircok  kaynakta farkli  sekillerde  belirlenmistir.

Montgomery’e gore aralik sayist n godzlem sayist icin, Jn olarak hesaplanir
(Montgomery, 2009). Blank’e goreyse, gdzlem sayis1 n >50 ise aralik sayis1 10-
20, n £50 ise 6-10 arasinda belirlenebilir (Blank, 1968).

Ugiincii adim olarak yapilan dagihim tespitine gére bu dagihma uygun
parametre tahmininin yapilmas: gerekmektedir. Parametre tahmini mevcut veri
setinin nimerik bir fonksiyonu olarak tanimlanabilir ve kullanilan gesitli yontemler
mevcuttur. Bunlar en cok olabilirlik yontemi, en kicuk kareler ve moment
metodudur.

Son adimda parametre tahmini yapilmig olasilik dagiliminin uyum iyiligi
testleri yapilir. Uyum iyiligi testleri n tane 6rneklemin belirtilen dagilimdan gelip

gelmedigini tespit etmeye calisir ve verilerin varsayim yapilmis dagihm ile
karsilastirarak bir 6lcli birimi yardimiyla kiyaslar. Uyum iyiligi testleri c?ile

iligkili olanlar, deneysel dagilim ile iligkili olanlar, korelasyon tabanli olanlar ve

moment Ureten fonksiyona sahip olanlar olmak tzere dort grupta siniflandirilir. En
yaygin kullanilan uyum iyiligi testleri ¢ testi ve deneysel dagilim ile iliskili gruba

ait olan Kolmogorov-Smirnov testleridir. Bu uyum iyiligi testleri icin olusturulan

hipotezler,
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0
H, hipotezi: Veri seti gozlemlerinin F dagilim fonksiyonuyla bagimsiz

dagilmis rassal degiskenlerdir.
Bu hipotez testi c®testi ile 6lciilir. Bu testte, veriye ait olusturulan

histogramla, tahmin edilmis olasilik yogunluk fonksiyonu karsilastirilir. Bu sayede
gozlemlerin tum veri setini temsil edip etmedigi farklarin karesi yontemi ile test
edilir (Nikulin, 1973).

Kolmogorov-Smirnov testi ise surekli dagilimlar: élgmek igin daha uygun

bir testtir ve H, hipotezi altinda deneysel olan dagilim fonksiyonu ile kiimulatif

dagilim fonksiyonu arasindaki farki olger.
Eger secilen bu dagilhim uyum iyiligi testinde basarisiz olursa, ikinci adima

geri donulir ve agamalar farkli bir dagilim segilerek tekrarlanir.

3.3.1. Istatistiksel Onemlilik Testleri

Istatistiksel ©nemlilik testleri, evrenden tek bir orneklem igerisinden
secilen verilerin belli bir parametreye sahip olup olmadigint ve birden fazla grup
icinden secgilen orneklemlerin arasinda Onemli bir fark olup olmadig: Uzerinde
calisir. Bu sayede 6rneklem icerisinden alinan verilerin rasgele olup olmadig: test
edilir.  Hipotez testleri parametrik ve parametrik olmayanlar sekilde
gruplandirilabilir (Bircan ve ark., 2003). Parametrik testler icin gerekli kosullar
saglanamadigit zaman parametrik olmayan istatistik testleri uygulanmasi
gerekebilir. Ornegin veriler normal dagilmiyor veya veriler tepe noktasinin ¢ok dik,
carpikligin ¢ok yiksek ya da grup varyanslarinin esit olmadigi gibi durumlar sz
konusuysa parametrik olmayan testler kullanilmalidir (Mendenhall ve Sincich,
2007). Parametrik olmayan testler ayn1 zamanda, élcimlerin nominal veya siral
oldugu durumlar da kullanilir.

Istatistiksel 6nemlilik testleri farkli amaglarda ve durumlarda kullanilr.

Ornegin, secilen veri setinin tahmin edilen dagihima ve parametrelere esit olup
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olmadigini belirleyebilmek icin ya da secilen birden fazla grubun arasinda anlaml
bir fark olup olmadigini arastirmak icin bu testler kullanilir. Bir testin istatistiksel
acidan anlamli olmasi, elde edilen sonuglarin ya da alinan verilerin tesadufi
olmadigin1 gosterir. Bu testler uygulanirken testin dogru secilmesi en énemli
adimdir. Onem testleri arasinda secim yapilirken g6z 6niinde bulundurulmas:

gereken faktorler su sekilde siralanabilir.

Veri karakteri: Verilerin strekli ya da kesikli dagilmis olmasi secilecek
testi etkiler.

Grup sayisi: Bazi testler sadece iki grubun karsilastirilmasina izin verirken,
bazi testler ikiden fazla grubu karsilastirabilen goklu testlerdir.

Orneklem biiyiikliigli: Veri sayis test secimini ve sonucun giivenilirligini
yiiksek oranda etkiler.

Gruplarin  bagimsizligi: gruplarin  bagimli ya da bagimsiz oldugu

durumlarda uygulanacak testler birbirinden farklidr.

Test sonuglar: hipotezler ve p dlzeyine gore degerlendirilir. Hipotezler
birbirine zit hukumlu iki yarg: olarak kurulur. Temel hipotez yani H, elde edilen
sonuclarin istatistiksel agidan anlamli olmadigin;, H, hipotezi ise elde edilen
sonuclarin tesadufi olmayip istatistiksel agidan anlamli oldugunu séyler. p dizeyi
ise, hangi noktadan itibaren H, hipotezinin kabul ya da reddedilecegini
belirledigimiz degerdir. p degeri, 1’e yaklastikca testin guvenilirligi artar.

c? dagilim: Pearson’in ortaya attigi ve giniimiizde hala sikca kullanilan
bir dagilim cesididir. ¢ standart normal dagilima sahip bir ana kitleden segilen

n tane orneklemin degerlerinin toplamidir (Aytag, 1998).
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Birbirinden bagimsiz niteliksel olan verileri test etmek, uygunluk, varyans,
homojenlik gibi testler i¢in c? dagilimi kullanilabilir (Kartal, 1998). c? testi H,
(kriterler bagimsizdir) ve H, (kriterler arasinda iliski vardir) hipotezleri tzerine
kurulur. Ayrica bir drneklemden elde edilen n tane verinin dagiliminin segilen

teorik dagilima uyup uymadigini beklenen degerler (E;) ve gozlenen degerler
(O,) ile kiyaslanarak bulunabilir (Masoom ve ark., 1992).

c? uygunluk testinde hipotezler,

H, hipotezi: Gozlenen degerler beklenen degerler ile uyumludur.

H, hipotezi: Gozlenen degerler beklenen degerler ile uyumlu degildir.

seklinde kurulur.
S

C=a———= (3.8)
i

Goruldlgt Uzere, beklenen degerler ile goOzlenen degerler birbirine

yaklastikca c® degeri sifira yaklasacaktir.

H, Hy
E.abul Hed
(Uygun) \ (Uygun Degaly
i
K.D

Sekil 3.3. ¢? testi kabul bélgesi grafigi (Bircan, Karagdz, & Kasapoglu, 2003)

Serbestlik derecesi hesaplamada tahmin edilmesi gereken m degeri

parametre sayisidir. Ornegin, normal dagilim icin c¢? testi uygulaniyorsa, normal
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dagilimin 2 parametresi oldugu icin m =2 alinir (Akyol ve Giirbiiz, 2002). c*
tablosundan kritikCZa’n_l_m degeri, hesaplanan serbestlik derecesine (n-1-m)
ve dnem seviyesi a ’ya gore belirlenir ve hesaplanan ¢ degeri ile karsilastirilir.
Buna gore, Cza,n_l_m > c? ise, H, hipotezi kabul edilir yani veriler
secilen dagihm ailesine aittir. H, hipotezi reddedilirse, farkli bir dagilim ailesi

secip islemler tekrarlanmalidir.
Toplanan veriler bilinen olasilik dagihimlarindan higbirine uymuyor ise

ampirik dagilim olarak incelenmesi gerekmektedir.

3.3.2. Ampirik Dagilim Olusturma

Sistem igerisinde farkli teorik dagihimlara rastlamak mumkindir fakat
sistemlerin bu stokastik davranislart temsil edebilecek teorik dagilim her zaman
bulunamayabilir. Bu sebeple ampirik dagilimlardan yardim alinir (Oztlrk, 2004).
Ampirik dagihm fonksiyonu orneklem verilerini kiglik basamaklara ayirarak
olusturulan fonksiyondur (Sencan, 2005). Fonksiyonu olusturmak icin kiimilatif
yizden degerlerinden yani verilerin gozlem frekans sikhigindan vyararlanilir.
Ampirik dagihm olusturulurken herhangi bir parametre tahmini yapilmaz, bu

sebeple parametrik olmayan bir yontem olarak tanimlanabilir.

3.3.2.1. Benzetim Verilerinin Gegerliliginin Testi

Rasgele Uretilen sayilar ampirik dagilima uydugu goérildiginde bu
sayilarin benzetim programinda Uretilen sayilar ile ayn ana kitleden geldigini
gostermek igin ¢oklu Kkarsilastirma testleri uygulanmalidir. Olusturulan ampirik
dagilim fonksiyonundan Uretilen sayilar ile benzetim verileri karsilastirilarak
ampirik dagihm fonksiyonun gecerliligi parametrik olmayan testler ile

sinanmalidir. Parametrik olmayan testler ana kiitle hakkinda bir bilgiye sahip
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olunmasa bile giivenli bir sekilde cahisir (Karagdz, 2010). Bu testler c¢?, Wald-
Wolfowitz, Mann-Whitney U gibi testlerdir.

Wald-Wolfowitz  testi verilerin rassalligin1 inceleyerek gdzlemin
kendisinden sonra gelen durumu etkileyip etkilemedigini olger (Altunisik ve ark.,
2005). Eger etkilenme s6z konusu degilse bu verilerin rasgele oldugu anlami ¢ikar.
Bu testle iki popilasyonun dagiliminin ortalamalar: incelenerek karsilastirmak ve
ayn: dagilima sahip olup olmadigi incelenir (Daniel, 1990). Bu sayede iki

populasyonun dagilimi karsilastirilarak benzer olup olmadigina karar verilebilir.

Bu test icin hipotezler su sekildedir.

H, : Veri setleri ana kitleden rasgele secilmistir.

H, : Veri setleri ana kiitleden rasgele se¢ilmemistir.

Wald-Wolfowitz testinde, g6zlem sayisimn 20’den kiguk oldugu
durumlarda tablosu kullanilir. Ik olarak dizilimi olusturan degerlerin dizi degeri
tespit edilir. Ornegin, denizden alinmis baliklarin tirleri A ve B olmak iizere;
AABBBABBAAABABB seklinde bir drneklem grubu mevcutsa, bu dizilimin dizi
degeri AA-BBB-A-BB-AAA-B-A-BB olmak Uzere 8’dir. A balik tird icin frekans,

n, =7 ve B bahk turd icin frekans, n, =8 olmak Uzere; eger belirlenen dizi degeri
tablodan okunan olan r-alt ve r-Gst degerlerinin arasinda kaliyorsa, H, hipotezi

kabul edilir.
Wald-Wolfowitz testinde, gdzlem sayis1 20’den biyik ise standart normal

dagilim kullanilir.

n, : Birinci grubun gozlem sayisi
n, : Ikinci grubun gézlem sayist
R : Dizi degeri
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olmak Uzere test icin kullanilan formuller ise su sekildedir.

20, 4 (3.9)
n+n

m=

Sz - 2n1n2 (2n1n2 - nan)
(nl+n2)2(nl+n2 -1)

(3.10)

Z= (3.11)

Hesaplanan Z degeri yardimiyla standart normal dagilim tablosundan p
degeri bulunur ve a anlam dizeyi ile karsilastirilir. Tabloda okunan deger daha
buyukse H, kabul edilir.

Mann ve Whitney tarafindan bagimsiz iki 6rneklem grubu analizi igin
kullanilmak Uzere gelistirilen parametrik olmayan bir istatistik testi olan Mann-
Whitney U testi, bagimsiz normal dagilima uymayan iki sirekli degiskenlerden
olusmus orneklem grubu verileri sirali hale donustiirerek ayni medyana sahip

populasyondan alinan rasgele ornekler olup olmadigini test eder. n, birinci
ornegin, n, ikinci Ornegin sayist olmak uzere, tum degerler sirali hale

dondstlraltr. Bu puanlarin siralama puanlar: yazilir. Birinci grup 6rneklemin az
oldugu grup olarak belirlenir ve buna gére Mann-Whitney U tablosundan kritik
deger okunur. Ardindan her bir grubun U olarak gosterilen degeri hesaplanir.

Boylece degerler icin asil dagilimin 6nemi kalmaz (Kalayci, 2006).

H, : Veri setleri tek ana kutleden gelir.
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H, : Veri setleri farkl ana kiitleden gelir.

Ulznln2 +M_5R1 U22n1n2+n2(n2 +1)

: - LNCED)

N, : 1lk grubun 6rneklem sayis

N, : ikinci grubun érneklem sayis
o .
aF\)l : Ik grubun 6rneklem siralar: toplami

[e)
AR, : ikinci grubun 6rneklem siralar: toplami

Hesaplanan U, ve U, degerlerinden kuguk olan kritik deger olarak kabul

edilir ve Mann-Whitney U tablosundan okunan deger ile karsilastirihr. Kritik U

degeri tablodan okunan degerden daha kiglikse H , hipotezi reddedilir.
Hesaplanan U degeri gruplar olusturan érneklem sayisi 20°den buyukse,

Z degerine donlsir. Bu z degeri, belirlenen p diizeyine karsilik gelen tablo

degeri ile karsilastirihr. Orneklem sayilari 20”den kiigiik ise z degeri,

U-((nn,)/2)

7=
\/(nl +n, +1)nn, /12

(3.13)

Z tablosundan okunan deger, belirlenen p degerinden dusuk ise, H,
hipotezi reddedilir. Hesaplanan deger, p degerine gore (p>0.5) H, hipotezi

reddedilirse, ampirik dagihimin daha kiglk araliklara bolunip daha hassas hale

getirilerek tekrardan olusturulmas: gerekmektedir.
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Bu calismada iki grubun ayni kitleden gelip gelmedigi arastiriimak
istendigi icin, Mann-Whitney U testi kullanilmustir.
3.4. Kuyruk Teorisi

Kuyrukta bulunma, hayatin hemen hemen her alaninda mazur kalinan bir
durumdur. Kuyruk uzadikga bekleme siiresi uzar ve bireylerin psikolojisini
etkileyebilir. Dahasi bekleme suresinin uzamasi bireyler icin bllyik zaman ve para
kayiplarina sebep olur, bireyler kuyrukta beklemektense katma degeri yuksek isler
yaparak ekonomiye katkida bulunabilir. (Hillier ve Lieberman, 2001). Ginlik
hayatiminiz hemen hemen her noktasinda kuyruk sistemine maruz kaliriz. Ornegin
bankalar, kuaforler, market kasalari, benzin istasyonlar: ya da bilet siralari kuyruk
sistemlerine birer 6rnektir. Trafik 1s1ginda bekleme eylemi de kuyruk sistemine
ornek olarak verilebilir. MUsteriler her zaman insan olmaz, bir makine parcasi, bir
arag ya da benzin istasyonunda bekleyen araba musteri olabilir.

Kuyruk teorisi temelde, bekleme siralarinin ve kuyruklarin matematiksel
bir iliskide tanimlanmasidir. Belli bir varis prensibinde sisteme giren misteriler
hizmet almak icin sirada beklerler ve hizmet aldiktan sonra sistemi terk ederler
(Gokgoz, 2012). Kuyruklar servis kapasitesinin taleplere Karsilik veremedigi
durumlarda ortaya cikar. Ozellikle hizmet sektorinde kullanilacak —servis
kapasitesinin blyuklugi, kuyruk teorisi sayesinde bekleme sureleri ve kuyruk
uzunlugu tahmin edilebildigi icin, karar verme acgisindan énemli bir role sahiptir.
Servis kapasitesinin yetersiz olmasi kuyruk olusturacak, misteri memnuniyetsizligi
yaratacak ya da yari1 mamul 0rtnlerin olusmasina neden olacaktir. Servis
kapasitesinin gerekenden fazla olmasi ise, atil kapasite olarak gereksiz maliyet
yaratacaktir. Kuyruk teorisinin amaglari, 6nemli performans degiskenleri olan
ortalama bekleme zamanlarinin ve kuyruk uzunlugunun tespit edilebilmesini
saglar.

Kuyruk teorisinde musterilerin ya da siparislerin hangi anda gelecegi, islem
siresinin uzunlugu o6nceden tahmin edilemedigi igin sistemin analitik tasarimi

zorlasabilir. Fakat varislar aras: siireler ve islem siireleri diizeni istatistiksel olarak
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dagilim turGinin belirlenerek bu problem c¢oziilebilir. Ornegin; servis sureleri
rasgele ise, ustel dagilim seklinde tanimlanabilir. Pozitif ya da negatif yonde kiigik
sapmalar diginda oldukca sabit bir degisim mevcutsa, normal dagilim distnilebilir
fakat bu degerler sinirlandiriimissa kesikli normal dagilim olur (YYavuz, 2008).

Kuyruk teorisinin ilk kez Agner Kraurup Erlang tarafindan Kopenhang
telefon santralinde kullanilmigtir (Sundarapandian, 2009). Bu calismada gelen
telefon gorlsmeleri sayisinin  Poisson sirecine uydugunu gozlemlemistir
(Kingman, 2009). Gunumizde fabrikalarda bant uzunluklari, calisacak isci sayilars;
banka, hastane gibi hizmet sektorlerinde banko, kap: sayilari; telekominikasyon ve
ulasim mahendisliginde ve pek ¢ok alanda sik¢a kullanilmaktadir (Schlechter,
2009). En basit haliyle kuyruk modelinde; gelisler, bekleme hatt: ve servis sistemi
olmak Uzere U¢ ana bilesen mevcuttur.

Kuyruk modelini olusturabilmek igin bir takim varsayimlar ve tespitler
yapilmas: ve karakterinin belirlenmesi gerekmektedir. Bunlar; varig parametreleri,
musteri davranmislari, servis streleri, servis disiplinleri, servis kapasiteleri ve kuyruk
uzunlugunun alabilecegi maksimum degerler olarak siralanabilir (Adan ve Resing,
2015). Musterilerin variglar arasi suresi parametreleri birbirinden bagimsiz ve ortak
bir dagilim oldugu kabul edilir ve pratikte genelde Poisson sure¢ olarak dagilim
gosterir.  Miusterilerin kuyrukta bekledigi stre igindeki davranislari da kuyruk
teorisini modelleyebilmek adina onemlidir. Ornegin; bazi miisteriler uzun siire
kuyrukta bekleyebilirken, digerleri kuyruktan bir stire sonra ayrilabilir.

Servis sistemlerinde; sistemin yapisi ve servis suresi olmak tzere iki temel
parca bulunur. Sistem yapisi; tek kuyruk ve tek servis sistemi, coklu kuyruk ve
coklu servis sistemi, tek kuyruk ve coklu servis sistemi ya da tek kuyruk ve seri
servis sistemi seklinde olabilir. Kuyruk teorisindeki en 6nemli noktalardan biri de
servis slresidir. Servis suresi tanimlanmig bir dagilim olmalidir ve bu sire,
misterilerin variglar arasi siresinden tamamen bagimsizdir. Servis slresinin
dagilim parametresi, olusacak kuyruk uzunluguyla iliskilidir. Servis suresi

uzadikea, servis almak igin kuyrukta bekleyen misteri sayis1 artacaktir.
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Kuyruk modellerinde ilgilenilen en 6énemli kalite parametresi musteri
bekleme siresidir. Bu sebeple kuyruk modellerinde gelistirilmis iki ana model
mevcuttur (Panico, 1969). Bunlardan ilki matematiksel ¢6zimi mimkin olan,
Ozellikleri standart bilinen istatistiksel dagilimlara dayandirilmis analitik
modellerdir. Digeri ise, benzetim teknigi ile ¢dzlilmeye caligilan Kkuyruk
modelleridir (Simsek, 2004). Kuyruk teorisinde farkl: tipteki sistemler igin analitik
cozumler gelistirilmistir ve hala gtinimuzde gelistirilmeye devam edilmektedir.

Temel kuyruk sireglerinde servis almak isteyen musteriler gelis kaynagini
olustururlar ve kuyruk sistemine giris yaparlar. Mdusteriler belirlenen servis
disiplinine gore servis mekanizmasinda islem goriir. Islem géren musteriler kuyruk
sistemini terk ederler.

Gelis kaynag servisi talep edecek musterilerin sayisi olarak tanimlanabilir
ve bu musteriler gelis popilasyonu olarak adlandirilan populasyondan gelir. Gelis
kaynagi blyuklugi yeteri kadar biyiikse sonsuz olarak kabul edilir. Sonsuz gelis
kaynagina sahip kuyruk modellerinin analitik ¢ozimi, sonlu kaynaga sahip olan
kuyruk modellerinden daha kolaydir. Cunki sonlu gelis kaynagina sahip kuyruk
modellerinde mevcut misteri potansiyeli etkilenecek se kuyruk sisteminde standart
dis1 durumlar s6z konusu olacaktir.

Kuyruk sisteminin modellenebilmesi igin ilk olarak gelis kaynaginin
matematiksel olarak tanimlanmasi gerekmektedir. Genellikle belirli bir zaman
araliginda gelen misteri sayisimin Poisson dagilimmna uydugu kabul edilir. Bu
kabullin bir diger deyisi, musteriler arasi varig surelerinin Ustel dagilim oldugu
seklindedir. Gelis kaynaginda musteriler tek tek gelebilecegi gibi, grup halinde de
kuyruk sistemine giris yapabilirler.

Kuyruk modelinin bir diger bileseni kuyruktur. Kuyruk, bir sistemde kag
misteriye izin verilebildiginin 6l¢utu olarak tanimlanabilir ve sonsuz kuyruk
varsayimi sonsuz gelis kaynagina benzer sekilde kabul edilir.

Kuyrukta bekleyen misteriler servisi belirlenen kuyruk disiplinine gore

alirlar. Servis disiplini olarak ise pek cok model kullanilir. Ornegin servis veren bir
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mekanizma ya da bir grup olabilir. Genelde uygulanan servis disiplinleri; ilk gelen
ilk servis gorir, son gelen ilk servis gorur, oncelige gbre servis gérme (acil
servislerde) olarak siralanabilir (Adan ve Resing, 2015).

Servis mekanizmasi, basit kuyruk modellerinde genellikle bir tane olurken,
karmasik kuyruk sistemlerinde birden fazla, seri veya paralel ya da her ikisinin
oldugu bir diizende de mevcut olabilir. MUsteri bir servis noktasini terk ettikten
sonra geri donusler ile tekrar ayni servis noktasinda islem gorebilir. Servis
noktasinin baslangicinda bitisine kadar olan sire, servis siresi olarak adlandirilir.
Servis slreleri bir olasilik dagilimi ile belirlenmelidir. En sik kullanilan olasilik
dagilimlari Ustel dagilim, sabit soreli dagilim, normal dagilim ve erlang
dagilimlaridir.

Kuyruk teorisinde aksi belirtilmedikce, musteriler sisteme sinirsiz bir
kaynaktan teker teker gelirler, kuyruk ne kadar uzun olursa olsun fiziksel a¢idan
yer mevcuttur, servis dnceligi yoktur yani sisteme ilk gelen ilk islem gordir.

Tek kuyruklu bir sistemde, Kendall gdsterimi olarak adlandirilan bir bicim
kullaniimaktadir (Tijms, 2003). A/S/C olarak genel gosterimi olan bu siralamada;
A (arrival rate) variglar arasi siireyi, S (server time) islem hizini, C ise sunucu
sayisini tamimlar (Kendall, 1953).

Kendall gosteriminde variglar arasi siirenin ve islem hizinin dagilimi icin
M, D ve G harfleri kullanilir. M, Poisson dagilimi temsil eder, M harfi
“memoryless” kelimesinden gelmektedir yani bu stre¢ Markov yani hafizasiz
olarak da tanimlanabilir. D, verilerin deterministik yani diizglin bir sekilde sabit bir
miktarda olustugunu gosterir. G ise verilerin Ustel ya da diizgiin bir dagilim disinda
normal, weibull, gamma, lognormal gibi herhangi bir teorik ya da ampirik
dagilimdan olustugunu ifade eder. Kendall gdsterimindeki servis veren sunucu
sayist ise, s harfiyle temsil edilir ve (s=1,2,3,..) degerlerini alir. Baz1 durumlarda
sistemin alabilecegi maksimum mdsteri sayisi belirlenmesi gerekebilir, bodyle
durumlarda Kendall gdsteriminin sonuna bir sembol daha eklenebilir ve A/S/C/N

seklinde gdsterim diizenlenebilir (Adan ve Resing, 2015).
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Ornegin, M/M/s kuyruk sistemi, s sayida servis noktasinin oldugunu,
gelisler arasi surenin ve servis stiresinin Ustel dagilima sahip oldugunu gosterir.

Bir kuyrugun performans kriterleri agagidaki parametrelerle tanimlanabilir.

W = Misterinin sistemde beklenen bekleme siiresi, E(W)
W, = Msterinin kuyrukta beklenen bekleme stiresi, E(W,)

L = Tdm sistemdeki beklenen misteri sayisi

L, = Kuyrukta beklenen musteri sayisi

r = Sistemin kullanim oran:

Bu parametreler hesaplanirken, éncelikle kuyrugun karakteristigi, ardindan
birim zamanda gelen misteri sayis1 I ve birim zamanda hizmet goren misteri

sayist m belirlenmelidir.

Kuyruk sistemi basladigi zaman, sistemdeki misteri sayis1 baslangic
durumundan ve gecen zamandan etkilenecektir. Ornegin sisteme ilk giren miisteri
hi¢ beklemeden islem gdrecektir ve bu durum ortalama kuyrukta bekleme siresini
etkileyecektir. Kuyruk sisteminin analitik sonuglarinin gérebilmek igin, baslangic
kosulundan ve gecen sureden etkilenmeyen duragan durum noktasina ulasmasi
gerekmektedir. Bir kuyruk sisteminin performans kriterleri hesaplanabilmesi igin
duragan durumda olmas: gerekmektedir ve sistemin duragan durumlugu s hizmet

| ) - . .
veren kanal sayis1 olmak lizere ¥ =—<1 seklinde kontrol edilir. Eger sistemin
sm

kullanim oramt r >1 ise, bu sistemde tikamklik vardir. (Hillier & Lieberman,

2001).

¥

[o}
P kuyrukta n tane misteri olma olasihgi ve @ P, =1 olmak uzere;
n=0
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¥

L=QnP, (3.14)
n=0
5

L, = a(n -s)P, (3.15)

seklinde hesaplanir.
L,wW, Lq ve Wq arasinda ““Little’s Formula” olarak adlandirilan formullerle
iliski kurulur (Little, 1961).

Eger duragan durum halindeki bir kuyruk sisteminde birim zamanda gelen

miisteri sayis1 sabit I ve ortalama servis siiresi sabit ve 1/m ise;

L=1Im (3.16)

L, =W, (3.17)
1

W=W, +E (3.18)

seklinde bu parametreler arasinda iliski kurulur.

Kuyruk sisteminin karakteristigi iki parametreye baghdir. Bunlar gelisler
aras1 sireler ve servis streleridir. ilk olarak bu parametrelerin olasilik dagihm
fonksiyonu belirlenmelidir.

Kuyruk teorisinde bahsedilmesi gereken bir durumda, sistemin dogum-
6lum surecidir. Her kuyrugun girdileri ve ¢iktilart bulunur. Bu girdiler yani gelen
musteriler ve ¢iktilar yani sistemi terk eden misteriler pek ¢cok kuyruk modelinde
dogum-6ltm siireciyle tanimlanmaya c¢alisilir. Kuyruk sistemi icin dogum, sisteme

yeni bir misterinin gelisini, 6lum ise sistemden hizmeti almis mdsterinin
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ayrilmasini temsil eder. Kuyruk sistemindeki bu dogum-6lim sireci, sistemin
herhangi bir t amindaki musteri sayisimin olasiliksal olarak belirlemek igin
kullanihr.  Kuyruk sisteminin  t amindaki durumu (t30), o andaki kuyruk

sisteminde bulunan misteri sayisiyla X (t) tanimlamir. Yani t=0 ani, sistemin
baslangic anindaki miisteri sayisidir. Benzer sekilde, P (t) = P(X(t)=k) t

aninda sistemde k tane misteri bulunma olasiligidir.

3.4.1. M/M/1 Kuyruk Sistemleri

Bu kuyruk modelinde, gelisler arasi sureler ve islem hizlari bagimsiz ve
Ustel dagilima uygun olarak rasgele degiskenler olarak kabul edilir. Kanal
sayisiysa, herhangi bir degerde pozitif bir tam say1 degerini almalidir. Sistem, birim
zamanda mdisterilerin gelis hizi I ve birim zamandaki islem hizi m ile
tanimlanarak gerekli hesaplamalar yapilir. Bu kuyruk sisteminin servis disiplini
“Ilk gelen ilk islem goriir” yani FIFO’ dur. t amindaki misteri sayisina X (t)
denecek olursa, durum uzayi bir stokastik stre¢ seklinde davranir.

En temelde, M/M/1 sistemi olarak (tek kanalli kuyruk modeli) ele alinir. Bu
kuyruk sisteminde gelisler rassal ve Poisson dagilima uygun oldugu, hizmet
srelerinin Gstel dagilim gosterdigi, sistemin tek kanalli oldugu, musterilerin
sonsuz bir kaynaktan tek tek geldigi, sistemin denge durumunda oldugu ve ilk
gelen ilk islem gorir prensibine gore hizmet alacag: varsayimlar: yapilir (Sariaslan,
1986). Birden fazla kanal bulunan sistemlerde de her bir kanal ayri ayr
disundlerek bu model uygulanabilir (Tierauf ve Klekamp, 1975).

Sistemin kullanim oram F = I/m olmak (zere, sistemin formulleri su

sekildedir (Panico, 1969).

Sistemde n tane musteri bulunma olasilig:
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P=@0-r)r" (3.19)
Sistemdeki ortalama misteri sayisi

r |
L=—r—=—— 3.20
1-r m-1 (3.20)
Kuyrukta bekleyen misteri sayisi
L, = : (3.21)
m(m-1) '
Misterinin sistemde bulundugu ortalama toplam zaman
1
W=—-— 3.22
] (3.22)
Mdsterinin kuyrukta bulundugu ortalama zaman
W, = ! (3.23)
“ m(m-1) '

M/M/s modellerinde ise, gelisler aras: slreler ve islem sureleri bagimsiz

ustel dagihmdan olusur fakat cok kanalli bir servis yapisi mevcuttur. Ornegin

birden ¢ok veznesi agik olan bir banka sistemi M/M/s sistemine Ornek olabilir.

M/M/1 kuyruk sistemi igin yapilan tum varsayimlar M/M/s kuyruk sistemi icin

gecerlidir. Buna gore;
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Sistemin kullanim oran

r=— 3.24
- (3.24)

Sistemdeki ortalama msteri sayisi

/I .S
Ime I

L: P+_ 325

(s—l)(sm—l)2 °'m (3:29)

D1D> (D
[ b s e

Kuyrukta bekleyen ortalama misteri sayisi

|
=L-—
- - (3.26)

Misterinin sistemde bulundugu ortalama toplam zaman

W :IL (3.27)
Misterinin kuyrukta bulundugu ortalama zaman
W, = 7 (3.28)

3.4.2. M/Ek/1 Kuyruk Sistemleri
Islem strelerinde tistel ve gamma dagilimin ézel hali olan Erlang dagilimi
sikca g6zlemlenen bir dagilim tiridir. Tek kanalli poisson gelislere ve gamma
36



3. MATERYAL VE METOD Selin SARAC

islem siresine sahip kuyruk sistemi icin M/E,/1 Kendall gosterimi kullanilir. E,
parametresi k olan Erlang dagilimini temsil eder.

Sistemdeki ortalama misteri sayisi

L= k+1 1 2.9
2k m-1 (3.29)
Mdsterinin sistemde bulundugu ortalama toplam zaman
k+1 1
W=z—o—— 3.30
K m-1 (3:30)

seklinde tanimlanir. k =1 oldugu durum, Erlang dagilimin sadece bir adet Ustel
dagilimdan olustugu anlamina gelir ve bdylece kuyruk sistemi M/M/1 Kkuyruk

sistemine doéndisr.

3.4.3. M/G/1 Kuyruk Sistemleri

M/G/1 kuyruk modeli ilk olarak 1930 yilinda teorik olarak servis dagilim
kosulunu ortadan kaldirmak amaciyla ¢ozilmustir (Pollaczek, 1930). Sonrasinda
formaller tekrardan Khintchine tarafindan ele alinarak ¢ozilerek buglnki seklini
almustr.

Bu tek kanalli kuyruk sisteminde gelisler Poisson dagilimina uyacak
sekilde birim zamanda 1 olacak sekilde gelir. islem siiresi ise, birim zamanda

hizmet géren miisteri sayis1 m olacak sekilde Ustel olmayan herhangi bir dagilhim

seklindedir. Yani Pollaczek-Khintchine formulleri yardimiyla islem zamanin
sadece ortalamasi ve varyanst bilinmesiyle kuyruk sistemi analizi
yapilabilmektedir. M/M/1 sistemi icin yapilan duragan durum, kaynagin sonsuz
gelisli olmasi gibi yapilan tim varsayimlar M/G/1 modeli icin gegerlidir.
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Kuyrukta bekleyen ortalama musteri sayisi

] :()4%)2+|232

d 2 1o
2827
& mg

Sistemdeki ortalama misteri sayisi

L:l+H

m

Misterinin sistemde bulundugu ortalama toplam zaman

-||—

Msterinin kuyrukta bulundugu ortalama zaman

wo=b
I

q

3.4.4. G/G/1 Kuyruk Sistemleri

(3.31)

(3.32)

(3.33)

(3.34)

Kuyruk teorisinde, G/G/1 kuyruk sistemi tek bir sunucuya sahip gelisler

arast ve islem zamamn Ustel dagilim ailesi disinda bir dagihma sahip oldugu

durumdur (Bhat, 2008).

Kendall gosterimine gore, G harfi gelisler aras1 ve islem siresinin genel

dagilim oldugu tek kanalli bir kuyruk sistemi oldugu anlasiimaktadir (Kendall,

1952).
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John Kingman ele aldigi, G/G/1 sisteminde Pollaczek-Khintchine

formallerinden yararlanilarak ve Kingman diftizyon yaklasim: adi verilen yaklasik
¢6zum metodunu ortaya atmistir (Kingman, 1961). Buna gore Cj ve Cf sirasiyla

gelisler aras1 ve servis siresinin degisim katsayisi olmak zere, kuyrukta bekleme

suresi Wq :

28CZ+CZ20

W, (GG /1) @ ¢=2—==W, (M /M /1) (3.35)
e

o

G/G/1 sistemi igin kullamilan bu yéntem kesin sonu¢ olmamas: Uzerine
yapilan c¢ahismalarda, bu yaklasimla elde edilen sonuclarin, gercek bekleme

sliresinin Gst limiti oldugu gorulmastir (Kraemer ve Langenbach-Belz, 1976).

3.5. Uretim Sistemlerinde Benzetim Modelleme

En basit sekilde model, bir sistemin gosterimi olarak tanimlanabilir.
Bilgisayar sistemlerinde; malzeme tasima, stok kontrol gibi Uretim alaninda;
ticretlendirme politikast, is glict planlamasi gibi konularda isletme alaninda; nifus
tahmini, karayolu tasarimlarinda; salgin hastalik kontrolii gibi konularda Benzetim
modelleri kullanilabilir (Pedgen ve ark., 1995). Kurulan model, gercek sistemi
temsil etmeli ve sonuglar: elde edebilecek detaylara sahip olmalidir (Banks, 1998).

Eger bir sistem, gercek durumunda coziimlenemeyecek kadar Kkarisik;
kurulan modelin matematiksel temsili analitik olarak ¢oziilemiyorsa, gercek sistem
lizerinde calismaya uygun degilse ya da tasarim asamasindaysa, sistem analitik
olarak ¢ozulmesine ragmen ¢ozim kiimesi birden fazla ya da ilgilenilen bdlgenin
disindaysa benzetim modeline basvurulur.

Benzetim modelinin kullanilarak elde edilmesi beklenen bir takim amaclar
s6z konusudur. Benzetim modeli, belirlenen bir kritere gére modelin ne kadar iyi

calistigin1 degerlendirmek ya da farkli sistem ve politikalarin karsilastirilmas: igin
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kurulmas: amagclanabilir. Sistem igin 6nemli bir parametre olan performans
tahminleri ya da performans Uzerine hangi faktorlerin etkili oldugunu belirlemek
amaciyla duyarlilik analizi veya belirlenen performans kriterleri ve bunlarin faktor
diizeyine gore en uygun kombinasyonlarin belirlenmesi yine benzetim yardimiyla
tespit edilebilir.

Benzetim modeli kullanmanin avantajlart oldugu gibi dezavantajlari da
bulunur.

Avantajlar;

- Benzetim modeline uygulanabilecek yeni politikalar ve tasarimlar entegre
edilerek kisa bir stre iginde sonuglar gorulebilir.

- Benzetim modellerini ¢6zimlemek analitik ¢ozlmleri uygulamaktan ¢ok
daha kolaydir.

- Benzetim modelinde veri elde etmek, gercek modelde veri etmekten gok
daha ucuzdur.

- Benzetim modelleri, bir durumu ¢oziimleyecek tek yol olabilir.

- Analitik problemlerde performans olctleri kisith sayida olmasina ragmen,
Benzetim modellerinde pek ¢cok performans 6lcuti sisteme eklenebilir.

- Analitik c¢6zimlerde baz1 kabuller yapilmas: gerekirken, benzetim
problemlerinde bu kabullerin yapilmasina gerek yoktur.

- Dezavantajlar;

- Benzetim modelinin kurulmas: zaman alir ve gecerliliginin test edilmesi
gerekmektedir.

- Benzetim modelleri birden fazla replikasyonda calistinlmalidir ve
replikasyon sayisinin belirlenmesi gerekmektedir.

- Benzetim modeli belirlenen bir girdi veri seti igin, sistem ¢iktilar1 elde
eder, matematiksel olarak bir ¢dzimde bulunmazlar (Pedgen ve ark.,
1995).
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®

[ Gergek Sistetmde Deney | [ Sistem Modelinde Deney J

L i

Fuziksel Model | [.‘»!attmatlkscl?\[ud:] J
LY A LS

- LY

[ Analink Corim l I Benzetim |

Sekil 3.4. Bir sistemin benzetim modeline giden ¢6zimlemesi (Law ve Kelton,
2000).

Benzetim modellerinde, degerler tum zaman noktasinda sirekli, bazi
kesikli zaman noktalarinda sirekli, herhangi bir zaman noktasinda kesikli ya da
bazi kesikli zaman noktalarinda kesikli olabilir. Ornegin kesikli benzetimlerde,
degiskenler zaman icinde sadece kesikli noktalarda durum degistirir. Bir banka
sisteminde, sisteme mdisteri geldiginde ya da hizmet tamamlandiginda masteri
sayisi degisir. Bu kesikli modeli deterministik olarak ya da bazi uygun olasilik
dagilimlariyla ornekleyerek, calismasi gereken vezne calisanmi sayisi ya da
misterilerin bekleme siiresi hesaplanabilir.

Surekli sistemlerde ise, durum degiskenleri zaman boyunca surekli olarak
degisir. Tren ya da ucak gibi bir ulasim araci disiinulecek olursa, durum
degiskenleri olan hiz ve konum strekli olarak degisir (Andradottir ve ark., 1997).
Bu sebeple kurulacak olan benzetim probleminde sirekli olasilik dagilimlar
kullanilmas: gerekmektedir (Banks ve Carson, 1985).

Bir benzetim ¢alismasinin asamalar: su sekildedir.

Problem formulasyonu: Benzetim modellenmesinde ilk olarak problem
tanimlanmalidir. Bir sistemde herhangi bir problem mevcut degilse, o sistem igin
benzetim modelinin olusturulmas: anlaml: degildir. Benzetim ¢alismasinin amaci

ve problem agikca belirlenmeli, maliyet ve zaman kriterleri planlanmalidir.
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Veri toplanmasi ve model olusturulmasi: Gergek sistem igin girdi
bilgilerinin ve verilerin toplanarak olasilik dagilimlar: belirlenmelidir.

Saglama: En 6nemli adimlardan biri olan saglamada modelin gegerliliginin
test edilmesi gerekir. Modelin saglamasinin yapilmasi, modele olan gliveni arttirir.
Ozellikle verilerin belirlenen olasihk dagihmlarimn yeterliligi  uyum-iyilik
testleriyle sinanmaldir.

Dogrulama: Model genel amacli bir dil ya da benzetim dillerinden biri
kullanilarak kodlanir ve galigip ¢alismadig test edilir.

Deney Tasarimi: Izlenecek performans kriterleri; deney sayisi, modelin
calisma slresi, deney tekrar sayist modelin dinamiklerine gore belirlenir.

Calistirma ve Analiz: Tasarimi yapilan model benzetimi caligtirihr ve
sonuglar kaydedilir.

Raporlama ve Dokiimantasyon: Elde edilen c¢iktilar istatistiksel
yontemlerle analiz edilir ve kaydedilir. Toplanan bilgiler ve sonuglar karar vericiye
sunulur.

Gergekleme: Karar verici, uygun olan degisikligi gercek sisteme entegre
eder.

Benzetim modelleme icin ilk olarak sistem ve sistem cevresi iyi tespit
edilmelidir. Sistem; bir amag icin duzenli etkilesimde bulunan nesneler toplulugu
olarak tanimlanabilir. Sistemin icindeki diizeni disinda etkilendigi degisikliklerin
bulundugu sinir ise sistem gevresi denir. Sistem gevresi, ilgilenilen performans
kriterine gore kullanici tarafindan karar verilir (Watson ve ark., 2007).

Varliklar sisteme giris yapan mdasteri, parca, proje gibi sisteme giren
nesnelerdir. Bu nesnelerin farkliliklari, 6zelliklerle (Attribute) tanimlanur.

Faaliyetler yapilacak islemi ve bu islemin zaman periyodunu tanimlar.
Kaynaklar bu islemlerin yapilabilmesi icin kullanilan guictir. insan, makine, zaman
ya da para gibi gucler kaynak kategorisinde siniflandirilabilir (Aydin, 2016).

Kontroller, sistemdeki faaliyetlerin programlanmasiyla ilgilenir. Bakim

politikasi, Uretim ya da is programi sistemin kontrol blogunu olusturur.
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Sistemin performans ol¢ttleri

Cevrim Zamanai: Bir Grlndn Gretilme zamani

Doluluk (kullanim) Orani: Ekipmanin veya personelin (retken oldugu
zaman yiizdesi

Bekleme Zamani: Bir musterinin servis gorebilmek icin veya bir parganin
islenebilmesi icin kuyrukta gecirdigi ortalama zaman

Kalite: Dogru 6zelliklere sahip truin ylzdesi

Maliyet: Sistemin maliyeti olabilir.

W = Mausterinin sistemde beklenen bekleme siresi

Wq = Musterinin kuyrukta beklenen bekleme stresi

L = Tdm sistemdeki beklenen misteri sayisi

Lq = Kuyrukta beklenen miisteri sayisi

r = Sistemin kullanim oram

3.6. Karma Dagilimlar

Baz: durumlarda veri setleri incelenirken, doénisumlerin bile yardimci
olamayacagi durumlarla karsi karsiya kalinabilir. Bu gibi durumlarda sonlu karma
dagilim modellerinden yardim almak gerekebilir. Cogu istatistiksel modelde
gozlem degerleri tek bir dagilimdan geldigi varsayilarak yapilir. Fakat gercek
durumda sahip olunan veri seti birden fazla farkli dagilimlara sahip kaynaktan
olusabilir. Bu gibi durumlarda veri setini tanimlayabilmek icin standart modeller
kullanilamaz ve bu noktada sonlu karma modeller devreye girer (Kessler ve
McDowell, 2012). Sonlu karma modelleri, verilerin iki veya daha fazla alt
populasyondan (bilesenler) kaynaklandig: seklinde gorulebilen cesitli 6nemli pratik
durumlarda heterojen verileri modellemek icin giderek daha fazla kullaniimaktadir

(Wengrzik, 2012). Sonlu karma dagilimlar esnek bir galisma alani sunmasina
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ragmen, bilesenlerin olusturdugu dagilimlar bilinen bir dagilimdan gelmiyorsa,
parametreleri belirleyebilmek icin kernel yogunluk tahmini gibi parametrik
olmayan yontemler kullanilmas: gerekebilir (Kessler ve McDowell, 2012). Bu
modeller verilerin farkl: gruplardaki kombinasyonlarindan olustugu pek ¢ok farkl
alanda yaygin olarak kullanilir (Li, 2016).

Rasgelelik iceren dogal olaylarin da birbirinden farkli 6zelliklerini
istatistiksel olarak tamimlayip modellemek anlaminda matematiksel bir yaklasim
sagladigi icin karma dagilim modelleri genetik, tip, ekonomi, muhendislik gibi
alanlarda kullanilmaktadir (Cahs, 2005). Ornegin bir biyoloji uygulamasinda
karma bilesenleri olusturan gruplar yas, cinsiyet, tir, cografya olabilir. Yani sonlu
karisik modeller, verilerde gdzlenmemis heterojenligi aciklayan bir mekanizma
saglar. Verilerin bazi 6nemli siniflandirmalar: (bélge, yas grubu veya cinsiyet gibi)
her zaman olculemeyebilir. Bu belirsiz siniflandirma degiskenleri, geleneksel
modelde az yayilma, asir1 yayilma veya degisken varyans yaratabilir. Sonlu karigik
modeller, daha esnek formlar1 ile bu problemlerin Gstesinden gelir.

Bilinen dagilimlardan olusan dagilimlarin karmasi, bazi durumlarda yine
bilinen bir dagilimi olusturabilir. Burada karsilasilan problemlerden en énemlisi,
veri setinin birden fazla dagilimin karmasindan olusup olusmadiginin tespiti ve bu

dagilimlarin belirlenebilmesidir.

Cizelge 3.5. Karma dagilimlarin olusturdugu dagilimlar (Ma, 2018).

Dagilimlar Olusan Karma Dagilim TurQ
Ustel + Gamma Pareto dagilimi
Normal + Normal Normal dagilhim
Gamma + Gamma Genellestirilmis Pareto dagilim
Gamma + Geometrik Ustel dagilim
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f,(x) ve f,(x) seklinde olasiik yogunluk fonksiyonlarina, p, ve p,

karma oranlarina sahip olan X rasgele degiskenlerinin f (Xx) olasilik yogunluk

fonksiyonu (3.36)’da gosterildigi gibidir.
fO)=pf0+pL() pp>0 p+p=1 (3.36)

k bilesenli bir sonlu f(x) karma dagihm fonksiyonu (3.37) icin en

yaygin sekilde kullanilan matematiksel gdsterim verilmistir.

Kk k
fo=apf®, 0Ep£L Ap=1 (337)

i=1

Bu formillerde k bilesen sayis1 bilindigi kabul edilmistir fakat cogu
uygulamalarda bilesen sayisi bilinmez. Bilesen sayisi, ardindan karma oranlari ve
parametrelerin tahmin edilmesi gerekmektedir (McLachnan ve Peel, 2000).

Ilk olarak tek degiskenli iki bilesenli varyanslar: esit normal karma

dagilim: ele alacak olursak, ve karma oranlarinda s ? ortak varyansl;, m
g il 2 1

ve m, ortalamal: sonlu normal karma dagilimin olasilik yogunluk fonksiyonu su

sekilde ifade edilebilir (McLachnan ve Peel, 2000).

f(y,)=pf(y;im,s?)+p,f(y;;m,s?) (3.38)

2 3 -1 1 2 2
f(y;;ms ):(2p)( s exp{—E(yj -m)?/s’} (3.39)
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Sonlu karma dagihimlarda ii¢ farkli parametre cesidi vardir. ilki karma

dagihimi olusturan bilesen sayisi, k, ikincisi karma oranlari, p, ve bilesenlerin

dagilim parametreleridir (Acikgdz, 2007).
Bir dagilimin, parametreleri bilinen, k tane normal dagilim karmasindan
olustugu biliniyorsa, ortalama degeri ve varyansi en ¢ok olabilirlik yontemi ile

hesaplanabilir.

K K

m= épimi 52 = é. P ((mi - m))2 +Si2) (3.40)

i=1 i=1

Fakat gercek durumlarda veri setinin karma dagilimdan olusup olusmadigi,
karma dagilima sahipse kac bileseninin oldugu, hangi dagilimlardan geldigi tespit
edilmeye calisilmalidir. Eger veri seti incelendiginde bilinen herhangi bir teorik
dagilima uymuyor, birden ¢ok noktada tepeler olusuyor veya genis tepe noktalar:
mevcutsa veri setinin karma dagilim ile temsil edilebilecegi distintlmelidir.

Eger iki bilesenli normal karma dagilimin yogunlugu birbirinden yeteri
kadar ayrilmis ise; bu duruma cift tepeli karma dagilim ad: verilir. Bu tarz karma
dagilimlarin  belirlenmesi karma dagilimi olusturan dagilimlarin  yogunluk
fonksiyonu tepeleri birbirinden uzaklastik¢a kolaylasir. Cift tepeli karma dagilimi

daha iyi tamimlayabilmek icin D ile gosterilen Mahalanobis mesafesi tanimindan
yardim alinabilir. D :|ml —m2|/S ile tanimlanan bu deger arttik¢a, dagilimlarin

tepe noktalar1 birbirinden uzaklasir ve karma dagilimin bilesenlerini belirlemek
kolaylasir. Fakat D =1 oldugu zaman karma dagilimi olusturan normal dagilimlar
birbirinin icine gegcmis demektir ve bu da karma dagilimin bilesenlerine ayirmay:
zorlastirir. Asagidaki grafikte esit karma oranindan ve varyanstan olusan iki
bilesenli normal karma dagihimin farkli D  degerlerindeki olasilik yogunluk

fonksiyonundaki degisim gorulebilir.
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o

(©) o (d)

a) A=1 b)A=2 c)A=3 d)A=4
Sekil 3.5. Esit karma oranindan ve varyanstan olusan iki bilesenli normal karma
dagilimin olasilik yogunluk fonksiyonu (McLachnan & Peel, 2000).

Bir normal karma dagihm tek tepeli, ¢ift tepeli ya da simetrik olma
kosullar: farkli sekillerde tanimlanmustir.

Eger tek boyutlu iki bilesenli bir normal karma dagilima sahipsek;

1. Karma oranlar1 birbirine esit olmak kosuluyla, s, =s, ya da m, =m,
durumunda bu karma dagilim simetriktir.

2. m =m, oldugu tim durumlarda, karma oranlari ya da varyanslara
bakilmaksizin bu karma normal dagilimin tek tepeli oldugu yorumunu
yapabiliriz. Bu iki normal dagilim birbirinin icine ge¢mistir ve ortak m
degerinde tepe noktasina ulasmistir.

3. Tum p (karma orani) degerleri igin, tek tepeli ve cift tepeli olma kosullart

sirastyla su sekilde tanimlanmustir (Eisenberger, 1964).
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2. 2
(m, - my)? <2152 (340)
4(s1 +sz)
2 2
(m, -m,)? < % (3.41)
(55 +s7)

4- Benzer sekilde tek tepeli bir normal karma dagilim icin bir baska kosulda
asagidaki sekilde belirtilmistir (Behboodian, 1970).

Im, -m,| £ 2min(s,,s,) (3.42)

Sonlu karma modelleri, verilerin iki veya daha fazla alt poplilasyondan
(bilesenler) kaynaklandigi seklinde gortlebilen gesitli 6nemli pratik durumlarda
heterojen verileri modellemek icin ginden giine daha fazla kullaniimaya
baslanmstir. Bu bilesenlerin pargalanmasi, karisimin parametrelerini tahmin etme
problemine yol acar. Karma dagilim: bilesen sayis1 olan k ’y1 tahmin etmek heniiz
tamamen ¢6zilmemis zorlu bir stregtir (McLachnan ve Peel, 2000). Bu konudaki
belirsizlik bir takim parametriksel varsayimlar ve yigilim analizi uygulamasiyla
cozllebilir (Calis, 2005). Veri setinin karma dagilimdan olusup olusmadigin
kontrol etmek icin hipotez tezinde bir ya da iki bilesenden olustugu kabul edilerek

ilk inceleme yapilabilir.

H,: f(x)=f(x;ms) Veriseti karma dagilim degil
H,: f(x) = pf.(x;m,s,) +(1-p)f,(x;m,,s,) Veriseti iki bilesenli karma dagihm

Fakat kurulan hipotez tezindeki parametreler de bilinmediginde bu test

yoénteminin uygulanmasi ¢ok zordur. Maksimum olasilik tahmini, parametreler igin
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tahminler elde etmek icin yararh bir aragtir. Bununla birlikte, sonlu bir karisim
durumunda ilgili olasilik denklemleri analitik olarak ¢0zllemez, sayisal bir
prosedur gereklidir.

Bir veri setinin karma dagilim modelini olusturmak igin pek ¢ok parametre
tahmin yontemi mevcuttur. Bu yontemlerden en ¢ok kullanilanlari; grafiksel

yontemler, momentler yontemi, en cok olabilirlik yontemi, en kicik kareler
yontemi ve c? gibi yontemlerdir (Calis, 2005). Bu ydntemlerin amaci, verinin

hangi dagilhimlardan geldigini tespit edebilmek ve modeldeki bu dagilimlarin

parametreleri dogru tahmin edebilmektir.

3.6.1. Karma Dagilimlarda Bilesen Sayis1 Belirleme

Bir karma dagilimin analiz edilebilmesi icin dncelikle k bilesen sayisi
tahmini yapilmali, sonrasinda her bir bilesenin parametreleri hesaplanmalidir.

Karma dagilimlarda bilesen sayisi belirleme, heterojenligin bulundugu bir
veri seti icerisindeki kime sayisi ve yapisimin incelenmesi ve ayristiriimasi
seklinde tanmimlanabilir. Temel amag, olusturulan kumeler icindeki verilerin
birbirine olan uzakligin en kiguk, farkli kimelerdeki verilerin arasindaki uzakligin
ise en blyik olacak sekilde kiimelenmesidir (Arabie ve ark., 1996). Yani heterojen
olan bir veri setini homojenlik gosteren anlamli parcalara bolmektir (Fraley ve
Raftery, 1998).

Karma dagilimlarda veri setinin olustugu dagilimlarin tiri ve sayist
bilinmemesi en 6nemli problemdir. Bu sebeple bilesen sayisinin belirlenmesi igin
bilgi kriteri analizinin de yapilmas: gereklidir (Bozdogan, 1994). Bilesen sayilart
bilinen karma dagilimli veri setinin parametre tahminleri cesitli yontemler

kullanilarak yapilabilir.
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3.6.1.1. Histogramlar ve P-P, Q-Q grafikleri

Histogramlar kiimelenme yapisinin belirlenmesi igin tek boyutlu veri
setlerinde ilk adim olarak kullanilabilir. Veri setindeki tek tepeli bir dagilim,
herhangi bir kiimeleme gdéstermeyen bir homojen yapinin temsiliyken birden fazla
modun oldugu bir yogunluk grafigi heterojen bir veri setini tanimlayabilir (Everitt
ve Dunn, 2001). Birden fazla tepenin oldugu durumlar heterojenlik igin cok dnemli
bir kanit niteligindedir (Servi, 2009).

Bir veri setinin karma normal dagilimdan olusup olusmadigin: tespit etmek
icin Q-Q ve P-P grafikleri yardimci olabilir. Q-Q grafigi, veri setinin nicelik
cizimdir, secilen bir dagilima karsilik veri setinin dagilim niceligini durumlar: esit
blyuklikte gruplara bolerek inceler. Eger secilen degisken test dagilimina uyarsa,
noktalar Q-Q grafigi Uzerindeki beklenen normal degiskenlerin olusturdugu ¢izgi
etrafinda kiimelenir (Pallant, 2005). Yapilan bir caligmada normal karma
dagihmlarda Q-Q grafikleri arasindaki iliski vurgulanmistir (Titterington ve ark.,
1985). Q-Q grafiginde olusan salinimlar veri setinin birden fazla bilesen igermesine

kanit olarak gosterilebilir.
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Sekil 3.6. Normal karma dagilim ve Q-Q grafigi arasindaki iligkiler
(Titterington, Smith, & Makov, 1985)

(@) seklindeki gibi bir Q-Q grafigi mevcutsa, bu veri setinde herhangi bir
karma yapidan bahsedilemez.

(b) durumunda varyanslar: ve karma oranlar: esit, farkli ortalamaya sahip iki
bilesen s6z konusudur.

(c) durumdaysa veri setini olusturan iki normal dagihimin hem karma
oranlari, hem varyanslar: hem de ortalamalar: birbirinden farklidir.

(d) seklindeki Q-Q grafigiyse, esit karma oranlar1 ve varyans: olan farkh

ortalamalardaki ti¢ normal dagilimdan olusan bir veri setini temsil eder.
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Son olarak (e) durumunda, esit karma oranindaki ayni ortalamaya fakat
farkl: varyanslara sahip iki normal dagilimin grafigi olarak yorumlanir.

Sadece Q-Q grafiklerinin sekline bakilarak bilesen sayisi hakkinda yorum
yapilmasi gorsel olarak bir tahmin yapilmasindan dolay: tam anlamiyla glvenilir
degildir. Bu sebeple Q-Q grafiklerinin yaninda P-P grafiklerinin de incelenmesi
gerekebilir (Fowlkes, 1979).

P-P grafikleri, veri setinden olusturulan ampirik bir kiimalatif yogunluk
fonksiyonu grafigini bilinen teorik bir kiimulatif yogunluk fonksiyon grafigiyle
karsilastirilmas: prensibine dayanir.

Q-Q grafigi icin yapilan ¢alismaya benzer bir sekilde P-P grafigi icin de bir
takim denemeler yapmistir. P-P grafiginde eger veri seti yatay c¢izgi Uzerinde

ilerliyorsa, bu veri seti normal dagilim davranisinda bulunuyor denilebilir.

(3]

Sekil 3.7. Baz1 normal karmalara ait sematik olarak Fowlkes grafikleri
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Ayrica yapilan bu caligmaya gore, P-P grafiklerinin en az Q-Q grafikleri
kadar kullanigh oldugu séylenebilir (Fowlkes, 1979). Bu sebeple bu ¢alismada veri
setleri incelenirken hem Q-Q hem de P-P grafikleri gz 6nunde bulundurulacaktir.
Uretilen bir takim saf ve karma normal dagihmlarin Q-Q ve olasilik yogunluk
fonksiyon grafikleri incelenmis ve asagidaki sonuclar elde edilmistir.

Ilk olarak N~(10,2) dagilimi ele ahinarak tek bir normal dagilimin nasil
grafikler olusturdugu incelenmistir.

Sekil 3.8.’de goruldigu Uzere, normal dagilima sahip verileri Q-Q
grafiginde dogru Uzerinde siralanmistir. Herhangi bir salinim olmadigindan dolayi,

bu veri seti igin tek bilesenden olustugu yorumu yapilabilir.

53



3. MATERYAL VE METOD Selin SARAC
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N~(10,2) dagihmina sahip dretilen 10000 sayinin Q-Q ve yogunluk
grafigi
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Normal Q-Q Grafigi
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Sekil 3.9. %50’si N~(3,1) ve %50’si N~(6,1) karma dagilimina sahip 10000 sayinin
Q-Q ve yogunluk grafigi
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Ikinci durumda %50’si N~(3,1) ve %50’si N~(6,1) dagilimlarindan olusan
karma dagilim olusturulmustur.

Sekil 3.9. incelendiginde, %50’si N~(3,1) ve %50’si N~(6,1) %50
dagilimlarimin  olusturdugu karma dagihm verileri Q-Q grafikleri Uzerinde
salinimlar olusturmus ve yogunluk grafiginde iki dagilimin tepeleri gorilebilmeye
baslamustir.

Ugtincii durumda. %40°1 N~(4,1) ve %60°1 N~(7,2) dagihimlarindan olusan
karma dagilim incelenmistir.

Sekil 3.10.’a bakilacak olursa, Q-Q grafikleri salinimi ¢alisilan veri setinin
birden fazla bileseni olabilecegini gosterir. iki dagilimin ortak kesistigi degerlerden
dolay1 Q-Q grafikleri keskinligini yitirmeye baslamistir.

Dordinct durumda %20’si N~(3,1), %50’si N~(10,2) ve %30’u N~(20,4)
dagilimlarinin olusturdugu karma dagilim ele alinmustr.

Sekil 3.11.’de Q-Q ve yogunluk grafiginde salinimlar yine veri setinin
karma dagilim olabilecegini destekler fakat bilesen sayisimn k =3 oldugu net
olarak tespit edilememektedir.

Son olarak %20’si N~(3,2), %30°’u N~(5,2) ve %50’si N~(10,1) karma
dagilimi gosterilmistir.

Sekil 3.12.’de goruldigu Gizere bu veri seti iki bilesenden olusuyormus gibi
gorilmektedir. Bunun sebebi, N~(5,2) ile N~(3,2) dagiliminin ortak degerlerinin

fazla olup tek bir dagilim gibi davraniyor olmasidir
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Sekil 3.10. %40°1 N~(4,1) ve %60’1 N~(7,2) karma dagilimina sahip 10000 sayinin
Q-Q ve yogunluk grafigi
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Normal Q-Q Grafigi

15 20 25 30

Ormeklem Dadilimi
10

o
|

0
|
o

Teorik Dagihm

¥ oguniuk
000 002 004 006 008
|

b

Sekil 3.11. %20’si N~(3,1), %50’si N~(10,2) ve %30’u N~(20,4) karma dagilimina
sahip 10000 sayinin Q-Q ve yogunluk grafigi
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Sekil 3.12. %20’si N~(3,2), %30’u N~(5,2) ve %50’si N~(10,1) karma dagilimina
sahip 10000 sayinin Q-Q ve yogunluk grafigi

Karma dagihmlarin bilesen sayilarini belirlemede Q-Q ve yogunluk

grafikleri yeterli olmayacagi icin, ek yontemlere basvurulmas: gerekmektedir.
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3.6.1.2. Akaike Bilgi Kriteri (AIC)

Ozellikle bilesen sayis1 k ’y1 dogru tahmin edebilmek icin, veri setinin
olustugu bilesenlerin birbirinden iyi bir sekilde ayrilmis olmasi ve veri setinin
orneklem sayisinin fazla olmasi gerekmektedir. Bilesen sayisi tahmininde Akaike
Bilgi Kriteri (AIC) ve Bayesci Bilgi Kriteri (BIC) en genel olarak kullanilan
yoéntemlerdir (McLachnan ve Peel, 2000). Bu bilgi kriterleri veri setine uyacak en
iyi karma modeli segebilmek igin kullanilir (Calis, 2005).

Karma dagilimlarda yapilan c¢alismalar genellikle, tek boyutta karma
normal dagilim ya da log-normal dagilimlar olarak yapilmistir. Bir L modeli igin
olabilirlik fonksiyonu maksimize degeri, k ise tahmin edilmis kiime sayisi ise,

AIC=2k - 2In(L) olarak ifade edilir (Akaike, 1974). Karma dagilimlarda bilesen

sayisi tespit edilmek istendigi zaman AIC degerini minimum yapan deger dikkate
alinir (Burnham ve Anderson, 1998). Farkli k degerlerindeki AIC kriteri
karsilastirildiginda distik degerli olan model secilmelidir (Yalta, 2011).

Yapilan bir takim ¢alismalarda, AIC degerinin karma dagilim bilesen sayisi
belirmede tutarsiz davrandigi ve bilesen sayisini oldugundan daha blyuk tespit
ettigi ifade edilmistir (Koehler ve Murphee, 1988).

3.6.1.3. Bayesci Bilgi Kriteri (BIC)

Istatistikte, Bayesian bilgi 6lcitii (BIC) sonlu model kiimeler arasinda
model segimi igin bir kriterdir. Bayesci bilgi kriteri, Schwarz tarafindan
gelistirilmistir ve n  gbzlem sayis1 olmak tzere (3.43) denklemiyle ifade edilir
(Schwarz, 1978).

N

BIC=-In(n)k - 2In(L) (3.43)
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Maksimum olasilikla ayni verilere uyan modelleri kiyaslarken, BIC degeri
ne kadar kigik olursa uyum da o kadar iyi olur. AIC degerinin aksine, BIC
degerinin normal karma dagilim modelinin bilesen sayis1 tahmininde tutarh
sonuclar verdigi ve iyi performans gosterdigi bulunmustur (Roeder ve Wasserman,
1997). Ozellikle biiyik orneklemlerde en dogru modeli secebilmesi sebebiyle

yuksek bir gecerlilige sahiptir (Schwarz, 1978).

Cizelge 3.6. Normal karma dagilimlarin BIC 6lgUtiine gore tahmin edilen bilesen
sayilar

) BIC ile elde edilen

Karma Dagilim Parametresi _

k bilegen sayisi
N~(3,1) %50 + N~(6,1) %50 2
N~(4,1) %40 + N~(7,2) %60

N~(3,1) %20 + N~(10,2) %50 + N~(20,4) %50

2
3
N~(3,2) %20 + N~(5,2) %30 + N~(10,1) %50 2
2
1

N~(5,1)%50 + N(5,3)%50
N~(3,2)%30 + N(4,2)%70

Cizelge 3.6’da goruldugi tzere, bazi karma dagilimlarin bilesenleri dogru
bulunabilirken, bazi1 bilesen degerleri yanhs bulunmustur. Bunun sebebi, iki
dagilimin birbirine yaklastikca tek bir dagihm gibi davranmasidir. Bu sebeple
tahmin edilen k bilesen sayisina baglh olarak tahmin edilecek normal dagilim
parametreleri, gercek degerle ile Mann-Whitney U testiyle ayn: kiutleden gelip
gelmedigi arastiriimahidir.

Kuyruk sistemlerinde karma veri setini olusturan dagilimlar normal
dagilimlardan olusmuyor olabilir. BIC ydntemi en iyi karma normal dagilimlarda
calistigi icin, rasgele bagimsiz dagilimlardan olusmus bir veri seti istatistiksel

olarak normal karma dagilim seklinde temsil edilebilir.
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Veri setini olusturan dagilimlar bilinmedigi igin parametre ve bilesen
tahmini ayristirmak cok zordur. Bu sebeple veri seti bilinen hicbir dagilima
uymuyorsa, normal dagilimlarin karmasindan olustugu kabul edilerek BIC 6lgutu

ile k bilesen sayisi tahmini yapilabilir.

Cizelge 3.7. Ustel karma dagihmlarin BIC 6lgiitine gore tahmin edilen bilesen
sayilar

) BIC ile elde edilen
Karma Dagilim Parametresi _
k bilegen sayisi

EXPO(2.4)%30 + EXPO(6)%70 8
EXPO(2)%60 + EXPO(6)%40 9
EXPO(3)%80 + EXPO(6)%20 8
EXPO(4)%50 + EXPO(6)%50 9

0.20
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0.00

0 10 20 30 40 50

Sekil 3.13. %30’u EXPO(2.4) ve %70’i EXPO(6) olusan karma dagilimin sekiz
normal dagilim ile temsil edilmesi
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Sekil 3.14. %60’1 EXPO(2) ve %40 ‘1 EXPO(6) olusan karma dagilimi dokuz
normal dagilim ile temsil edilmesi
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Sekil 3.15. %80’i EXPO(3) ve %20’si EXPO(6) olusan karma dagilimi sekiz
normal dagilim ile temsil edilmesi
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Sekil 3.16. %50’si EXPO(4) ve %50’si EXPO(6) olusan karma dagilimi dokuz
normal dagilim ile temsil edilmesi

Ozellikle verilerin belirli bir arahga yigildigi Ustel karma dagilimlar
ampirik fonksiyon olarak tanimlanmak istendiginde ¢ikan zorluklar, bu yontem ile
ortadan Kkaldirilabilecegi disunilmustir. Bu kapsamda yapilan denemeler
Arastirma Bulgular: ve Tartisma bélumiinde ayrintili ele alinacaktur.

Bundan sonraki asama ise, belirlenen bilesen sayisina gore, veriyi olusturan

her bir dagilimin parametrelerinin tahmin edilmesidir.

3.6.2. Karma Dagihmlarda Parametre Tahmini

Bu bolimde karma dagilimlarda bilesen sayisi belirlendikten sonra
yapilacak islem olan parametre tahmin yontemlerinden en c¢ok olabilirlik ve EM
algoritmas: yontemleri ele alinacaktir.

Q-Q, P-P grafikleri, AIC ve BIC degerleri sonucunda belirlenen karma
dagilimin kK bilesen sayisina gore her bir bilesene ait parametrelerin tahmini
yapilmas: gerekmektedir. Parametre tahmininde en ¢ok kullanilan yontemler en

cok olabilirlik yontemi ve beklenti maksimizasyonu (EM) algoritmasidir.
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3.6.2.1. En Cok Olabilirlik Yontemi (Maximum Likelihood-MLE)

Sonlu karma dagilim modellerinde parametre tahminin ilk denemelerinde
en cok olabilirlik yontemi ve momentler yontemi kullanilmistir (John, 1970). En
cok olabilirlik yontemi, tahmin edicileri elde etme yéntemleri arasinda en poptler
olan nokta tahmin ydntemlerinden biridir.

En ¢ok olabilirlik yontemi, belli bir drneklem degerlerinin gerceklesme
olasihgr maksimum yapan veri seti parametrelerini bulmaya calisan bir algoritma
olarak calsir.

X~ N(m,SZ) parametrelerine sahip oldugundan bu dagilimin olasilik

yogunluk fonksiyonu,

f(x;ms?)= «/_21)3 Xp(- 7 (X ~M)), -¥<x <¥, i=12..n

Dagilim ailesi olarak normal dagilhima uydugu ve Kk bilesen sayis1 tespit
edilmis ortalamasi m, varyanst S° olan ve X,X,,..., X, rassal gozlemlerden

olusan bir veri setinin m ve s parametreleri en ¢ok olabilirlik yéntemiyle su

sekilde tahmin edilir.

k

m=apm (3.44)

i=1

K

s?=ap((m -m)*+s/) (3.45)

i=1

formulleriyle hesaplanir.
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3.6.2.2. Beklenti maksimizasyon (EM) Algoritmasi

EM algoritmasi, 1977 yilinda ilk olarak Dempster ve arkadaslar: tarafindan
one atilmis bir yontemdir (Dempster ve ark., 1977). Ozellikle son 20 yildir sonlu
karma dagilim model parametre tahmin etmede yogun olarak kullaniimaya
baslanmistir (Lakshmi ve Vaidyanathan, 2016). Verinin genel olarak belli bir
olasihk dagilimlarin karisgimlarindan geldigi kabul edilir ve model yapisinin ve
parametrelerinin  belirlenmesi  icin  bu algoritma  kullanmilir.  Beklenti
Maksimizasyonu (EM) algoritmasi, kapali formlu bir ¢dzim mevcut degilse,
olasihik denklemi igin bir ¢6zim elde etmek igin uygun bir yol saglar. Bundan
dolayi, EM algoritmasi, parametrelerin tahmin edilmesi i¢in dagilimlarin
karistirtlmas: durumunda kullanilabilir. (Wengrzik, 2012).

Basit olarak ifade etmek gerekirse; EM algoritmasi, parametreler icin
baslangic deger spesifikasyonuna dayanan en ¢ok olabilirlik tahminlerini ve karma
oranlarint iteratif bir sekilde hesaplayarak calisir. Her nesne bir kimeye belli bir
olasilik dagilimi agirligina gore atanir ve olusturulan bu kiimeler arasinda kesin
sinirlar yoktur. Bu agirhikli olglimlere gore yeni ortalamalar hesaplanir.  Bu
algoritmanin performans: parametrelerin baslangic degerlerine yiksek sekilde
duyarhdir (McLachlan ve Basford, 1988). Baslangi¢ degerlerinde yapilan koétl
secimler ortaya ¢ikan parametre tahminlerini 6nemli 6lcude etkileyebilir. Ayrica
EM algoritmasi iteratif bir sekilde galistigi icin, bazi durumlarda bir maksimum
degeri yerine yerel minimum degerine yakinsayabilir. Bu sinirlamalara ragmen EM
algoritmas1 karma modellerde parametre tahmini icin kullanilan en popdler
yontemdir. Bu ¢alismada EM algoritmasinin tercih edilmesinin sebebi ise, 6nceki
yapilan ¢alismalarda karma dagilim parametre tahmini yapan momentler yontemi
ve en cok olabilirlik yéntemine gore parametre tahminlerini ¢ok daha basaril
yapmasidir (Agikgdz, 2007).

E-adimi olarak dagilhimlar igin merkez cap degerleri gibi bir tahmini

parametre vektorl ile baslanir ve M-adimi olarak bu merkezler igin iteratif bir

66



3. MATERYAL VE METOD

Selin SARAC

sekilde iyilestirme yapilir. Algoritma hizh bir sekilde tamamlanir fakat her zaman

en ideal ¢oziime ulasmayabilir (Ozdemir, 2015).

EM algoritmasinin E-adimi olarak herhangi bir X degeri igin, bu kiimelere

ait olma olasiliginin hesaplanmas: gerekmektedir.

E-Adimi:
prip ] = PEAPIPTR _PrIpi] 1 L
RS Prx] Pr[x] Vzps,
prlp, 1= APaIPIR] _Prp] 1
2| Prx] Pr[xi] 2ps,
Pr[p1|xi]

" Prp, %1+ Prp,|x]

(3.46)

(3.47)

(3.48

M-adim1 olarak hesaplanan p, degerleri gore parametreler p;,, yeni adim

degeri ile tekrardan hesaplanir ve islemler iteratif olarak tekrar edilir. Algoritma

olabilirlik fonksiyonunu maksimize etmeye calisir.
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M-Adimi:
o
a pi XI
— =l
1 n
o
ab
i=1
ano-m)
Slz — =1 -
o
a P
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4. ARASTIRMA BULGULARI VE TARTISMA

Bu bélimde normal karma dagilimlarin performans: kesin ¢zimi olan
M/M/1 ve M/G/1 kuyruk sistemlerinde test edilmistir.

Tahmin edilen bilesen sayisi ve parametrelerin dogrulugunu tespit
edebilmek acisindan 10000 adet say: belirli bir sistematik igerisinde tum durumlar
icin benzetim programinda Uretilmistir. Islem stresinin normal karma dagilim
oldugu kuyruk sistemi igin, normal karma dagilimin Mahalanobis sayis1 1.5, 2, 2.5
ve 3; islem suresinin Ustel karma dagilim oldugu kuyruk sistemi icin ise, Ustel

karma dagihmin m, /m, orant 1.5, 2, 2.5, 3 olacak sekilde tum karma oranlarinda

sistemin duragan durum olmasi gerektigi dikkate alinarak diizenlemistir.

Uygulamalarda islem siresi hakkinda higbir bilgiye sahip olunmadigi
varsayilmistir ve veriler c? testine gore herhangi bir bilinen teorik dagilima uyup

uymadig test edilmistir. Bilinen bir teorik dagilima uymadigi durumlarda ampirik

fonksiyon olusturulmus ve benzetim programinda olusturulan ampirik dagilima
uygun sayilar Uretilmistir. c? testi sonucunda test verisinin bilinen bir dagilima

uydugu durumlarda ise tespit edilen dagihimlar kullanilmistir. Karma dagihm
yaklagiminda ise, islem surelerini olusturdugu kabul edilen test verilerinin karma
normal dagilimdan geldigi kabul edilerek BIC degerlerine bakilarak bilesen sayis
tahmini yapilmistir. Tahmin edilen bilesen sayisina gbre, EM algoritmasi
calistinlmigtir ve her bir bilesenin parametre tahmini R programinda yapilmustir.
Tahmin edilen normal karma dagilim benzetim programi ile Uretilmistir ve test
verilerini temsil ettigi Mann-Whitney U ile test edilmistir.

Karma normal dagilimlarda olusan durumlarda, ampirik dagilim verilerinin
gecerliligini saglamak igin 50 kategoriye ayirmak yeterli olurken, dagilimlarin tstel
karma dagilimlardan olustugu durumlarda 300 Kkategoriye ayirmak zorunda
kalinmistir. Bunun sebebi, Ustel dagilimin belirli bir aralik icerisine verilerin
yigilmasicir. Uretilen ampirik dagihm ve normal karma dagilim verilerinin
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ortalama ve standart sapma degerleri hesaplanarak M/G/1 kuyruk sistemine

cevrilerek performans kriteri olarak belirlenen kuyrukta bekleme stiresi Wq dakika

cinsinden hesaplanmis ve test verileri ile elde edilen teorik sonuglar ile ampirik
fonksiyon wve normal karma dagilim yaklasimiyla elde edilen degerler

karsilastirilarak % bagil hata hesaplanmistr.

4.1. Islem Stiresinin Normal Karma Dagihm Oldugu Durumlar

Bu bolumde kesin ¢dzumi olan, gelisler arasi strelerin Ustel ve islem
siresi normal karma dagilimlardan olusturulmus kuyruk modelinin performansi
analiz edilecektir.
Sistemin performans parametreleri; islem siresi Ustel dagihm disinda bir dagilima
uydugu durumlarda M/G/1 kuyruk sistemi icin Pollaczek-Khintchine formdalleri ile
hesaplanir.

Kuyrukta bekleyen ortalama misteri sayisinin beklenen degeri

Sistemdeki ortalama msteri sayisinin beklenen degeri
L= ! + Lq
m

Musterinin sistemde bulundugu ortalama zamanin beklenen degeri
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Musterinin kuyrukta bulundugu zamanin beklenen degeri

W = i
L |
Bir dagilimin, parametreleri bilinen k tane normal dagilimlar
karmasindan olustugu biliniyorsa, ortalama degeri ve varyansi en ¢ok olabilirlik
yoéntemi ile hesaplanabilir

K K

m=épimi Szzépi((mi _m))2+si2)

i=1 i=1

Servis
‘ Mekanizmasi

Gelisler arasa siire: Islem siiresi- Karma Hizmet alan
Ustel Dagilim Normal Dagilim miiigteriler

Sekil 4.1. Islem siiresinin karma normal dagilim oldugu bir kuyruk sistemi

4.1.1. Mahalanobis Uzakhginn 1.5 Oldugu Durum

M/G/1 kuyruk sisteminin ilk durumunda islem stresini olusturan normal
karma dagilimin Mahalanobis uzakligit D=1.5 olmasi durumunda, ampirik
dagilim ve normal karma dagilima yaklasimlariyla elde edilen kuyrukta bekleme
stirelerinin teorik olarak hesaplanan kuyrukta bekleme siirelerine gore performansi

incelenmistir.
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Cizelge 4.1. D = 1.5 oldugu durum icin teorik, saf ve karma dagilimlar
yaklagimiyla elde edilen W, ve c? testi sonuglar

Geligler arasi sire:

2

EXPO(L0) TEORIK c SAF KARMA
Islem Siresi W, (dk) p <05 W, (dk) W, (dk)
D=15 = Ret
. N~(6,2) %10 + N~(9,2)
%90 31.14 | Ampirik 30.68 30.67
A N~(6,2) %20 + N~(9,2)
%80 23.74 | Ampirik 23.3 23.2
3 N~(6,2) %30 + N~(9,2)
%70 18.82 | Ampirik 18.51 18.47
A N~(6,2) %40 + N~(9,2)
%60 15.23 | Ampirik 15.07 15.07
c N~(6,2) %50 + N~(9,2)
%50 12.5 Ampirik 12.37 12.36
6 N~(6,2) %60 + N~(9,2)
%40 10.36 | Ampirik 10.27 10.26
: N~(6,2) %70 + N~(9,2)
%30 8.63 Ampirik 8.52 8.51
o N~(6,2) %80 + N~(9,2)
%20 7.21 Ampirik 7.13 7.11
o N~(6,2) %90 + N~(9,2)
%10 6.01 Ampirik 5.99 5.97

N~(6,2) %10 + N~(9,2) veri seti i¢in olusturulan ampirik dagilhmlar EK-1"de verilmistir.

Cizelge 4.1.’de gorildigi tzere; c? testi sonucunda bilinen hicbir saf

dagilima uymadig1 gorilmistir. ki normal dagilimin bilesimin yine bir normal
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dagilim oldugu bilinmesine ragmen, veri setinin bilyiikliiziinden dolayr c? testi

red bolgesinde kalmistir ve ampirik dagilim fonksiyonu yazilmistir.

Cizelge 4.1.’de “Teorik” sttunu M/G/1 kuyruk sistemine gore ¢ozllmis

2

kuyrukta bekleme siiresini, “c?” situnu, c? testine gére veri setinin bilinen bir

dagilima uyup uymadig: bilgisi, “Saf” siitunu, ¢’ testi sonucunda segilen dagilim

ya da ampirik fonksiyona bagli olarak elde edilen M/G/1 kuyruk sistemine gore
¢6zllmis kuyrukta ortalama bekleme siresini, “Karma” situnu ise, veri setine
normal karma dagilimlar yaklasimi ile bilesen sayist ve parametre tahmini
yapildiktan sonra elde edilen verilerin ortalama ve standart sapma degerleri ile
M/G/1 Kkuyruk sistemine gore ¢o6zllmis kuyrukta ortalama bekleme siresini

gostermektedir.
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Y ogunluk
0.10
|

0.00
1

N~(6,2) %10 + N~(9,2) %90: Kirmizi N~(6,2) %20 + N~(9,2) %80: Mavi N~(6,2) %30 +
N~(9,2) %70: Yesil N~(6,2) %40 + N~(9,2) %60: Pembe
Sekil 4.2. D = 1.5 oldugu durumlar icin yogunluk fonksiyonlari - 1

0.15
|

Y ogunluk

0.00 005 010
|

N~(6,2) %50 + N~(9,2) %50: Sar
Sekil 4.3. D = 1.5 oldugu durumlar igin yogunluk fonksiyonlar: - 2
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Y oguniuk
0.10
1

0.00
I

X

N~(6,2) %60 + N~(9,2) %40: Mor N~(6,2) %70 + N~(9,2) %30: Gri
N~(6,2) %80 + N~(9,2) %20: Turuncu N~(6,2) %90 + N~(9,2) %10: Kahverengi
Sekil 4.4. D = 1.5 oldugu durumlar icin yogunluk fonksiyonlari - 3

Bu uygulamada N~(6, 2) dagihmi ile N~(9, 2) dagilimindan farkh
oranlarda sayilar Gretilmistir. Test verilerinin olasilik yogunluk fonksiyonlari
incelenmistir. Karma dagilim karakterinin en yuksek oldugu %50’sinin N~(6, 2) ve
%50’sinin N~(9, 2) olustugu durumda dahi, Mahalanobis uzaklig1 1’e yakin oldugu
icin karma olasilik yogunluk fonksiyonu net sekilde goriilememektedir fakat genis

bir tepe olusmasi nedeniyle verilerin karma dagilimlar yaklasimi distnulebilir.
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Cizelge 4.2. D =1.5 durumlar icin BIC testi sonucu bulunan k bilesen sayis1 ve
EM algoritmasi ile tahmin edilen parametreler

Islem Siiresi ) TAHMIN EDILEN TOPLAM
D=15 PARAMETRELER PARAMETRELER
1 N~(7.88, 2.35) %43.84
N~(6,2) %10 +
2 + N~(9.32, 1.89) N~(8.68, 2.22)
N~(9,2) %90
%56.16
2 N~(5.80, 1.95) %18.61
N~(6,2) %20 +
2 + N~(8.96, 2.01) N~(8.37, 2.34)
N~(9,2) %80
%81.38
3[N~(6,2) %30 + N~(5.68, 1.87) %26.32
2 N~(8.07, 2.43)
N~(9,2) %70 + N~(8.93, 2) %73.68
4 N~(6,2) %40 + N~(9.40, 1.88) %45.5 +
2 N~(7.78, 2.51)
N~(9,2) %60 N~(6.43, 2.09) %54.5
5/ N~(6,2) %50 + N~(6, 1.99) %51.9 +
2 N~(7.48, 2.5)
N~(9,2) %50 N~(9.08, 1.96) %48.1
6 N~(5.26, 1.82) %31.52
N~(6,2) %60 +
2 + N~(8.07, 2.24) N~(7.18, 2.48)
N~(9,2) %40
%68.48
7| N~(6,2) %70 + N~(6.1, 2.04) %75.18 +
2 N~(6.87, 2.42)
N~(9,2) %30 N~(9.23, 1.94) %24.82
8 N~(5.93, 1.98) %77.28
N~(6,2) %80 +
2 + N~(8.78, 2.03) N~(6.57, 2.32)
N~(9,2) %20
%22.72
9 N~(5.76, 1.94) %67.75
N~(6,2) %90 +
2 + N~(7.39, 2.28) N~(6.28, 2.19)
N~(9,2) %10
%32.25

76




4. ARASTIRMA BULGULARI VE TARTISMA Selin SARAC

Cizelge 4.2.’de test verileri icin tahmin edilen bilesen sayisi, k, EM
algoritmasi ile tahmin edilen parametreler ve tahmin edilen parametrelere gére en
cok olabilirlik yontemi ile hesaplanmis toplam parametreler verilmistir.

Test verileri ile tahmin edilen ortalama ve standart sapma degerlerinin %

ka¢ oraninda bagil hata ile tahmin edildigi Sekil 4.5. ve Sekil 4.6.”da gosterilmistir.

N~(6, 2)

40

an ]

30 -
=]
m
. &
= ) s
s 2l .
] ] o
=] N
£ x\ 3 -

N -
\ ) @ " A
WITLLLS. A 7 - "
; — D r— it
]
- a g g - g q
LIL JMiar
<= «g++ Ortalama =g Standart Sapma

Sekil 4.5. D=1.5 durumunda N~(6, 2) dagilim i¢in tahmin edilen parametre
sapmalari
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N~(9, 2)

Sekil 4.6. D=1.5 durumunda N~(9, 2) dagilim icin tahmin edilen parametre
sapmalari

D=15 oldugu pek cok farkli karma oranlarinda, tahmin edilen
parametreler gergcek degerleri yansitmamigtir fakat Mann-Whitney U testi
sonucunda tahmin edilen parametreler ile test verilerin ayni kitleden geldigi
hipotezi kabul edilmistir. Tahmin edilen parametrelerin test verilerinin
parametrelerine benzer olmamasinin sebebi, D =1.5olmasi nedeniyle iki normal
dagilimin birbirine yakin olmasi ve ic ice gecen verilerin fazla olmasidir. D =1.5
oldugu durumda iki normal dagilim birbirinden tam anlamyla ayrilip belirgin bir
karma dagilim yapis: olusturamamaktadir. Fakat yine de BIC testi sonucunda tiim
durumlar icin k =2 olarak tespit edilmis ve bu bilesen sayisina gore EM
algoritmasi uygulanmastir.

%30’u N~(6,2) ve %70’i N~(9,2) durumu icin tahmin edilen %26.32’si
N~(5.68, 1.87) ve %73.68°i N~(8.93, 2) normal dagilimlarindan olusturulmus

karma dagiliminin olasilik yogunluk fonksiyonu Sekil 4.7.”de verilmistir.
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Sekil 4.7. %30’u N~(6,2) ve %70’i N~(9,2) (kirmiz1) ve tahmin edilen %26.32’u
N~(5.68, 1.87) ve %73.68’i N~(8.93, 2) (mavi) dagilimlarinin yogunluk
fonksiyonlari

%10’u N~(6,2) ve %90’1 N~(9,2) karma dagilim igin ise tahmin edilen
%43.84’0 N~(7.88, 2.35) ve %56.16’sinin N~(9.32, 1.89) normal dagilimdan

olustugu karma dagilimi olasilik yogunluk grafikleri Sekil 4.8.”de gorulmektedir.
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Y oguniuk

0.00
1

X

Sekil 4.8. %10’u N~(6,2) ve %90’1 N~(9,2) (kirmiz1) ve tahmin edilen %43.84’(

N~(7.88, 2.35) ve %56.16’s1 N~(9.32, 1.89) (mavi) dagilimlarimin
yogunluk fonksiyonlari

Cizelge 4.3’te goruldugi gibi, Mann-Whitney U testine gére, hem 50
kategoriye bolinip olusturulan ampirik dagilhimlar hem de tahmin edilen karma

dagilimlar dretilen verileri p > 0.5 anlam diizeyinde temsil ettigi gdrilmustar.
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Cizelge 4.3. Islem siiresi D=1.5 oldugu durumlar icin saf ve normal karma
dagilim yaklasimi sonucunda dretilen verilerin gercek veriler ile
Mann-Whitney U testi karsilastiriimasi

islem Stresi D = 1.5 Mann-Whitney U | Mann-Whitney U
Saf Karma
1|N~(6,2) %10 + N~(9,2) %90 0.91 0.5
2| N~(6,2) %20 + N~(9,2) %80 0.88 0.62
3[N~(6,2) %30 + N~(9,2) %70 0.86 0.57
4 [N~(6,2) %40 + N~(9,2) %60 0.93 0.65
5[N~(6,2) %50 + N~(9,2) %50 0.91 0.5
6 | N~(6,2) %60 + N~(9,2) %40 0.89 0.61
7| N~(6,2) %70 + N~(9,2) %30 0.81 0.53
8| N~(6,2) %80 + N~(9,2) %20 0.9 0.51
9[N~(6,2) %90 + N~(9,2) %10 0.89 0.62

Cizelge 4.4. D = 1.5 oldugu durumlar igin saf ve karma dagihm yaklasimiyla elde
edilen kuyrukta bekleme surelerinin teorik sonugla karsilastiriimasiyla
elde edilen % hata degerleri

DURUM 1 2 3 4 5 6 7 8 9

SAF 147 {187 |164|1.04|1.01,085|1.22|1.09|0.43

KARMA 151 |229(185|1.04|1.14| 09 |1.33|1.35|0.79
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LA

‘o HataDeger

g0 AMpirik Hata = =% Karma Hata

Sekil 4.9. D =1.5 oldugu durumlar igin % hata degerleri

Islem siiresi farkl oranlarda, D =1.5 olan iki normal dagilimdan olusan
bir M/G/1 kuyruk sistemi analiz edilmistir ve hesaplanan teorik sonuglarla
olusturulan ampirik ve normal karma dagilim yaklasimina bagli olarak elde edilen
sonuclar % hata cinsinden karsilastirilmasgtir.

T0m durumlarda ampirik dagilimlar yaklasimi ile elde edilen sonuglarin
normal karma dagilimlar yaklasimu ile elde edilen sonuglardan teorik sonuca daha
yakin hesaplandigi gozlemlenmistir. Bunun sebebi D’min 1’e yakin oldugu
durumlarda iki normal dagilimin birbirine benzer parametreler tasimasi nedeniyle
ortak degerlerinin fazla olmasiyla karma dagilim karakterini tam olarak
yansitamamasi ve tek bir dagilim gibi davranma egilimidir.

Fakat iki yontem arasinda % hata oranlarn teorik sonuclar ile
karsilastirildiginda birbirine ¢ok yakindir ve hata yuzdeleri disuktir. Bu sebeple
ampirik dagilim yaklasimi ile normal karma dagilimlar yaklasimi arasinda net bir

secim yapmak zordur. Ayrica ampirik dagilimin Mann-Whitney U degeri 0.8’den
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biylk olacak sekilde 50 kategoriye ayrilmas: da ampirik dagilimin teorik sonuca

yaklagsmasini saglamistir.

4.1.2. Mahalanobis Uzakhgimn 2 Oldugu Durum

Islem siiresinin normal karma dagihimlardan olustugu kuyruk sisteminin ikinci
durumunda islem siresini olusturan normal karma dagilimin Mahalanobis uzaklig:
D=2 olmast durumunda, ampirik dagilhm ve normal karma dagilima
yaklagimlariyla elde edilen kuyrukta bekleme siirelerinin teorik olarak hesaplanan

kuyrukta bekleme sirelerine gore performans: incelenmistir.

83



4. ARASTIRMA BULGULARI VE TARTISMA Selin SARAC

Cizelge 4.5. D =2 oldugu durum igin teorik, saf ve karma dagilimlar yaklasimiyla
elde edilen W, ve c? testi sonuglar:

Geligler arasi sire: . X
EXPO(L0) TEORIK c SAF KARMA
Islem Siresi W, (dk) p<05 W, (dk) W, (dk)
D=2 = Ret
1|N~(6,2)%10 + N~(10,2)
%90 121.97 | Ampirik 117.9 117.6
2 [N~(6,2)%20 + N~(10,2)
%80 56.98 Ampirik 55.05 55.09
3[N~(6,2)%30 + N~(10,2)
%70 35.31 Ampirik 34.53 34.57
4 [N~(6,2)%40 + N~(10,2)
%60 24.49 Ampirik 24.17 24.16
5|N~(6,2)%50 + N~(10,2)
%50 17.74 Ampirik 17.79 17.72
6 | N~(6,2)%60 + N~(10,2)
%40 13.62 Ampirik 13.55 13.53
7|N~(6,2)%70 + N~(10,2)
%30 10.57 Ampirik 10.48 10.42
8[N~(6,2)%80 + N~(10,2)
%20 8.24 Ampirik 8.17 8.13
9| N~(6,2)%90 + N~(10,2)
%10 6.44 Ampirik 6.42 6.47

N~(6,2) + N~(10,2) veri seti i¢in olusturulan ampirik dagilimlar EK-2’de verilmistir.

D =1.5 durumuna benzer sekilde D =2 olan tiim durumlarda da c? testi

sonucunda ampirik dagilim olusturulmas: gerekliligi ortaya ¢ikmistir. Olusturan
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ampirik dagihm ve normal karma dagilimlar yaklasimiyla elde edilen kuyrukta
bekleme siireleri Cizelge 4.5.’te gOsterilmistir.

Ozellikle Sekil 4.11°de goriildugii Gizere, D =2 olmas: nedeniyle normal
dagilimlar birbirinden tam anlamiyla ayrilamamigtir. Fakat bu durum D =1.5
durumundaki %50’si N~(6, 2) ve %50’si N~(9, 2) dagilimlarindan olusmus karma
dagilimin yogunluk fonksiyonu ile Karsilastirildiginda tepe noktasinin daha
genisledigi gorilebilir. Boylece, karma dagilimin olusturan normal dagilimlarin
birbirinden uzaklasmaya basladigin: tespit edilebilir.

Y ofjuniuk

0.00
|

0 5 10 15

X

N~(6,2) %10 + N~(10,2) %90: Kirmizi N~(6,2) %20 + N~(10,2) %80: Mavi
N~(6,2) %30 + N~(10,2) %70: Yesil N~(6,2) %40 + N~(10,2) %60: Pembe
Sekil 4.10. D = 2 oldugu durumlar igin yogunluk fonksiyonlar: - 1
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Y oguniuk

000 004 008 012
1

N~(6,2) %50 + N~(10,2) %50: Sari
Sekil 4.11.D =2 oldugu durumlar i¢in yogunluk fonksiyonlari — 2

Y oguniuk
0.10
1

0.00
|

X

N~(6,2) %60 + N~(10,2) %40: Mor N~(6,2) %70 + N~(10,2) %30: Gri
N~(6,2) %80 + N~(10,2) %20: Turuncu N~(6,2) %90 + N~(10,2) %10: Kahverengi
Sekil 4.12. D =2 oldugu durumlar i¢in yogunluk fonksiyonlar: - 3
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Cizelge 4.6. D =2 durumlar icin BIC testi sonucu bulunan k bilesen sayisi ve

EM algoritmasi ile tahmin edilen parametreler

i§lem Sdresi . TAHMIN EDILEN TOPLAM
D =2 PARAMETRELER PARAMETRELER
N=(6.72, 2.28) %15.22
~ 0, +
1 m~g’02)2f01/090 2 + N~(10.10, 1.98) N~(9.58, 2.36)
» €} 70 %84.78
N~(6.16, 2.08) %22.28
~ 0, +
2 m~g’02)2f02/080 2 + N~(10.04, 1.99) N~(9.17, 2.57)
» €} 70 %77.74
N~(6.07, 2.01) %31.95
~ 0, +
3 E~E€15102)2)/0$070 2 + N~(10.05, 1.98) N~(8.77, 2.72)
» €} 70 %68.05
N~(6.13, 2.04) %43.39
~ 0, +
4 E~E562)2f;060 2 + N~(10.11,1.96) N~(8.38, 2.8)
» &) 70 %56.61
N~(6.02, 1.99) %51.05
~ 0, +
5 E~E€1562)2f3050 2 + N~(10.02, 2.01) N~(7.97, 2.82)
» &) 70 %48.95
N~(6, 2)%60 + N~(6.03, 2.03) %61.06
6 N~(10, 2) %40 2 . N~(10.02, 2) %38.94 N~(7.58,2.8)
N~(6.07, 2.05) %72.85
~ 0, +
7 E~E€15102)2)/007/030 2 + N~(10.14, 1.96) N~(7.17, 2.71)
» €} 70 %27.15
N~(5.96, 1.99) %78.94
~ 0, +
8 E~E€1562)2f3020 2 + N~(9.84, 2.04) N~(6.77, 2.55)
» &) 70 %21.06
N~(6, 2)%90 + N~(5.84, 1.95)%79.21
9 N~(9, 2) %10 2 14 N~(8.57, 2.4) %20.79 N~(6.40, 2.33)

Veriler tam anlamiyla karma dagilim olarak davranamamalarina ragmen,

karma dagilim karakterinin yiiksek oldugu yerlerde yapilan parametre tahmini

bagil hatalar1 daha disiik olmustur. BIC testi sonucunda bilesen sayilart dogru ve

k =2 olarak tahmin edilmistir.
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Karma dagilimda tahmin edilen parametrelerin bagil hatas: yliksek oldugu

durumlarda da Mann-Whitney U testine ile ayni kitleden geldigi hipotezi
ispatlanmustir.

Test verileri ile tahmin edilen dagilimlardan bazilarinin  yogunluk
fonksiyonu Sekil 4.15. ve Sekil 4.16.”da gosterilmistir.

N~(6, 2)

s

o W

Durumilar

g+ Ortalama == Standar Sapma

Sekil 4.13. D=2 durumunda N~(6, 2) dagilim igin tahmin edilen parametre
sapmalari
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N~(10, 2)

% Bagil Hata

o

il
=d
- ]
L

1 2 3 - 5

Durumilar

« = o« Ortalama —e— 5180 AT SApMA

Sekil 4.14. D=2 durumunda N~(10, 2) dagihm icin tahmin edilen parametre

sapmalari

-
3 [=]
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0 5 10 15

X

Sekil 4.15. %90°1 N~(6, 2) ve %10°u N~(9, 2) (kirmizi) ve tahmin edilen %79.21’i
N~(5.84, 1.95) ve %20.79’u N~(8.57, 2.4) (mavi) dagilimlarinin
yogunluk fonksiyonlari
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Sekil 4.16. %601 N~(6,2) ve %40°1 N~(10,2) (kirmizi) ve olusturulan ampirik
dagilimin (mavi) yogunluk fonksiyonlar

Cizelge 4.7. islem stresi D = 2 oldugu durumlar icin saf ve normal karma dagilim
yaklasimi sonucunda (retilen verilerin gergek veriler ile Mann-
Whitney U testi karsilastiriimasi

islem Suresi D =2

Mann- Whitney U

Mann- Whitney U

Saf Karma
1 |N~(6,2)%10 + N~(10,2) %90 0.91 0.65
2 |N~(6,2)%20 + N~(10,2) %80 0.92 0.66
3 |N~(6,2)%30 + N~(10,2) %70 0.93 0.71
4 | N~(6,2)%40 + N~(10,2) %60 0.94 0.64
5 | N~(6,2)%50 + N~(10,2) %50 0.93 0.66
6 | N~(6,2)%60 + N~(10,2) %40 0.93 0.77
7 |N~(6,2)%70 + N~(10,2) %30 0.94 0.72
8 |N~(6,2)%80 + N~(10,2) %20 0.95 0.63
9 |N~(6,2)%90 + N~(10,2) %10 0.95 0.50
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Mann-Whitney U testine gére, hem 50 kategoriye bolinlp olusturulan
ampirik dagilimlar hem de tahmin edilen karma dagilimlar retilen verileri temsil
ettigi gorilmustir. D degeri 1’den uzaklasmas: ve karma dagilim &zellikleri
artmas: sebebiyle tahmin edilen karma dagilim parametrelerin Mann-Whitney U
degerinin, D =1.5 iken hesaplanan Mann-Whitney U degerlerinden daha yuksek
oldugu gorilmektedir.

Islem siiresi farkli oranlarda, D= 2 olan iki normal dagilimdan olusan bir
M/G/1 kuyruk sistemi analiz edilmistir ve hesaplanan teorik sonuglarla olusturulan
ampirik ve normal karma dagilim yaklasimina bagli olarak elde edilen sonuglar %

hata cinsinden karsilagtiriimistir.

Cizelge 4.8. D = 2 oldugu durumlar icin saf ve karma dagilim yaklasimiyla elde
edilen kuyrukta bekleme sirelerinin teorik sonucla karsilastiriimasiyla
elde edilen % hata degerleri

DURUM 1 2 3 4 5 6 7 8 9

SAF 334 1339|224 132|028 | 053|089 |0.86| 0.3

KARMA 3591332212 |135|0.15|0.73| 145 | 1.28 | 0.44
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%= HataDeger

1 Y
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=g AMpinik Hata = = =% Karma Hata

Sekil 4.17. D = 2 oldugu durumlar igin % hata degerleri

Karma oranlarinin birbirine yaklasip karma karakteri arttikca, % bagil hata
giderek dusmustir ve N~(6, 2) ve N~(10, 2) dagihmlarinin esit karistigi durumda
en dusik seviyeye ulasmistir. Bunun sebebi D ’nin 1’den uzaklasmasiyla birlikte
iki normal dagilimin birbirinden ayrilarak benzer ortak degerlerinin azalmasi ve iki

aynt dagilim seklinde davranmaya egilimli olmasidr.

4.1.3. Mahalanobis Uzakhginin 2.5 Oldugu Durum

Islem siiresini olusturan normal karma dagilimin Mahalanobis uzakligi D = 2.5
olmast durumunda, ampirik dagilim ve normal karma dagilima yaklasimlariyla elde
edilen kuyrukta bekleme sirelerinin teorik olarak hesaplanan kuyrukta bekleme

surelerine gore performansi incelenmistir.

Cizelge 49. D=25 oldugu durum igin teorik, saf ve karma dagilhimlar
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yaklagimiyla elde edilen W, ve c? testi sonuglar

Geligler arasi sire: . 5
EXPO(10) TEORIK c SAF KARMA
Islem Siresi W, (dk) p <05 W, (dk) W, (dk)
D=25 = Ret
1|N~(5,2)%10 + N~(10,2)
%90 95.01 Ampirik 93.55 94.52
2|N~(5,2)%20 + N~(10,2)
%80 43.53 Ampirik 43.15 43.16
3[N~(5,2)%30 + N~(10,2)
%70 26.76 Ampirik 26.62 26.57
4 [N~(5,2)%40 + N~(10,2)
%60 18.32 Ampirik 18.34 18.27
5|N~(5,2)%50 + N~(10,2)
%50 13.18 Ampirik 13.2 13.1
6 | N~(5,2)%60 + N~(10,2)
%40 9.76 Ampirik 9.79 9.74
7|N~(5,2)%70 + N~(10,2)
%30 7.29 Ampirik 7.32 7.27
8[N~(5,2)%80 + N~(10,2)
%20 5.44 Ampirik 5.45 5.43
9|N~(5,2)%90 + N~(10,2)
%10 4.03 Ampirik 4.05 4.03

N~(5,2) + N~(10,2) veri seti icin olusturulan ampirik dagilimlar EK-3’te verilmistir

D=1.5 ve 2 durumuna benzer sekilde tim durumlarda da c? testi

sonucunda ampirik dagilim olusturulmas: gerekliligi ortaya ¢ikmistir. Olusturan
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ampirik dagilim ve normal karma dagilimlar yaklasimiyla elde edilen kuyrukta
bekleme siireleri Cizelge 4.9’da gosterilmistir.

Y ogunluk

DO0 005 010 015

T 1 T 1
0 5 10 15

X

N~(5, 2) %10 + N~(10,2) %90: Kirmizi N~(5, 2) %20 + N~(10,2) %80: Mavi
N~(5, 2) %30 + N~(10,2) %70: Yesil N~(5, 2) %40 + N~(10,2) %60: Pembe
Sekil 4.18. D = 2.5 oldugu durumlar igin yogunluk fonksiyonlar: - 1

0.08
|

Y odunliuk

0.04
|

0.00
|

X
N~(6,2) %50 + N~(10,2) %50: Sari
Sekil 4.19. D = 2.5 oldugu durumlar i¢in yogunluk fonksiyonlar: - 2
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Y oduniuk

0.00 005 010 015

X
N~(6,2) %60 + N~(10,2) %40: Mor N~(6,2) %70 + N~(10,2) %30: Gri

N~(6,2) %80 + N~(10,2) %20: Turuncu N~(6,2) %90 + N~(10,2) %10: Kahverengi
Sekil 4.20. D = 2.5 oldugu durumlar igin yogunluk fonksiyonlar: - 3

Sekil 4.19.°da goruldugt tzere, D arttikca, karma dagilimin yogunluk

fonksiyonunda normal dagilimlar ayrilmaya baslamis ve gérunirltgi artmigtr.
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Cizelge 4.10. D = 2.5 durumlar icin BIC testi sonucu bulunan k bilesen sayis1 ve

EM algoritmas: ile tahmin edilen parametreler
islem Suresi ) TAHMIN EDILEN TOPLAM
D=25 PARAMETRELER PARAMETRELER

N~(5,2)%10 + N~(4.78, 2.02) %9.43 +

1 2 N~(9.48, 2.53)
N~(10,2) %90 N~(9.98, 2.03) %90.57
N~(5,2)%20 + N~(5.07, 2.08) %20.99 +

2 2 N~(8.97, 2.85)
N~(10,2) %80 N~(10.01, 2.006) %79.01
N~(5,2)%30 + N~(5.05, 2.03) %30.96 +

3 2 N~(8.47, 3.04)
N~(10,2) %70 N~(10.01, 1.99) %69.04
N~(5,2)%40 + N~(5.1, 2.05) %41.9 +

4 2 N~(7.98, 3.16)
N~(10,2) %60 N~(10.06, 1.98) %58.1
N~(5,2)%50 + N~(5.05, 2.04) %51.4 +

5 2 N~(7.47, 3.2)
N~(10,2) %50 N~(10.04, 1.98) %48.6
N~(5,2)%60 + N~(5.06, 2.05) %61.53 +

6 2 N~(6.98, 3.16)
N~(10,2) %40 N~(10.06, 1.98) %38.47
N~(5,2)%70 + N~(5.06, 2.05) %71.91 +

7 2 N~(6.47, 3.04)
N~(10,2) %30 N~(10.11, 1.96) %28.09
N~(5,2)%80 + N~(5.008, 2.01) %80.58 +

8 2 N~(5.97, 2.81)
N~(10,2) %20 N~(10.01, 1.98) %19.42
N~(5,2)%90 + N~(5.009, 2.01) %90.21 +

9 2 N~(5.49, 2.48)
N~(10,2) %10 N~(9.94, 2.02) %9.79

Sekil 4.21. ve Sekil 4.22.”de goruldugl uzere, D uzaklig: arttikca, tahmin
edilen karma dagilim parametre bagil hatalari dismis ve test verilerine
yaklasmustir.

Mann-Whitney U testine gore, hem ampirik dagilim fonksiyonlarinin hem
de tahmin edilen normal karma dagilimlarin test verilerini temsil ettigi
gozlemlenmistir.
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N~(5, 2)

% Bagil Hata
B & &

[
(=]

Durumlar

== ==+ Ortalama = Standart Sapma

Sekil 4.21. D=2.5 durumunda N~(5, 2) dagilim icin tahmin edilen parametre

sapmalari
N~(10, 2)
40
30
E
o
r
= 20
=
#® 10
o I STl -5 or T TTrrgerrrre
1 2 3 4 5 & Fa 8 ]
Durumiar

« = «ig=+ Drtalama —— Standart Sapma

Sekil 4.22. D=2.5 durumunda N~(10, 2) dagilim icin tahmin edilen parametre
sapmalari
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Y oguniuk
010
|

0.00
1

Sekil 4.23. %10’u N~(5,2) ve %90°1 N~(10,2) (kirmizi) ve tahmin edilen %9.43’u
N~(4.78, 2.02) ve %90.57’si N~(9.98, 2.03) (mavi) karma
dagilimlarinin yogunluk fonksiyonlari

Y ofuniuk

000 004 008 012

0 5 10 15
X

Sekil 4.24. %60°1 N~(5,2) ve %40’1 N~(10,2) (kirmizi) ve ampirik dagilimlarinin
(mavi) yogunluk fonksiyonlari
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Cizelge 4.11. Islem siiresi D =2.5 oldugu durumlar icin saf ve normal karma
dagilim yaklasimi sonucunda Uretilen verilerin gercek veriler ile

Mann-Whitney U testi karsilastiriimas:

islem Siiresi D =2.5

Mann- Whitney U

Mann- Whitney U

Saf Karma
1 [N~(5,2)%10 + N~(10,2) %90 0.86 0.43
2 [N~(5,2)%20 + N~(10,2) %80 0.93 0.59
3 [N~(5,2)%30 + N~(10,2) %70 0.93 0.69
4 |N~(5,2)%40 + N~(10,2) %60 0.94 0.59
5 [N~(5,2)%50 + N~(10,2) %50 0.95 0.63
6 [ N~(5,2)%60 + N~(10,2) %40 0.95 0.57
7 N~(5,2)%70 + N~(10,2) %30 0.89 0.52
8 [N~(5,2)%80 + N~(10,2) %20 0.90 0.51
9 [N~(5,2)%90 + N~(10,2) %10 0.92 0.63

Cizelge 4.12. D=2.5 oldugu durumlar icin saf ve karma dagilim yaklasimiyla
elde edilen kuyrukta bekleme

karsilastirilmasiyla elde edilen % hata degerleri

strelerinin  teorik  sonugla

DURUM 1 2 3 4 5 6 7 8 9
SAF 153|088 051|012 017 | 037|039 | 03| 0.29
KARMA 051|084 | 068|029 | 059 015| 0.19 | 0.1 | 0.07
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i

%% HataDeger
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=gt AmMpirik Hata = g = 3 Karma Hata

Sekil 4.25. D = 2.5 oldugu durumlar igin % hata degerleri

Islem siiresi farkli oranlarda D =2.5 olacak sekilde normal karma
dagilimlarin olusturdugu bir M/G/1 Kkuyruk sisteminde, 3-4 ve 5. durumlar
disindaki tim durumlarda karma dagilim kullanilmasinin daha iyi sonug verdigi

gozlemlenmistir.

4.1.4. Mahalanobis Uzakhginin 3 Oldugu Durum

D = 1.5, 2 ve 2.5 durumlarina benzer sekilde D =3 olan tiim durumlarda da
c? testi sonucunda ampirik dagihim olusturulmas: gerekliligi ortaya ¢ikmustir.,

Olusturan ampirik dagilim ve normal karma dagihmlar yaklasimiyla elde edilen

kuyrukta bekleme sureleri Cizelge 4.13.’te gosterilmistir.
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Cizelge 4.13. D = 3 oldugu durum icin teorik, saf ve karma dagilimlar
yaklasimiyla elde edilen Wq ve ¢’ testi sonuglar

Geligler arasi siire: EXPO(15) | TEORIK c? SAF KARMA
islem Siiresi <05
¥ Wq(dk) P Wq(dk) Wq(dk)
D=3 = Ret

1|N~(6,2)%10 + N~(12,2) %90 | 19.06 |[Ampirik| 18.93 18.95
2 |N~(6,2)%20 + N~(12,2) %80 | 15.05 |Ampirk| 14.88 14.9
3|N~(6,2)%30 + N~(12,2) %70 | 12.04 |Ampirik| 11.92 12.1
4 |N~(6,2)%40 + N~(12,2) %60 9.70 | Ampirik 9.63 9.63
5 |N~(6,2)%50 + N~(12,2) %50 7.83 | Ampirik 7.8 7.8
6 | N~(6,2)%60 + N~(12,2) %40 6.3 | Ampirik 6.29 6.27
7 |N~(6,2)%70 + N~(12,2) %30 | 5.03 |[Ampirk| 5.01 4.98
8 |N~(6,2)%80 + N~(12,2) %20 3.95 | Ampirik 3.93 3.91
9 |N~(6,2)%90 + N~(12,2) %10 3.02 | Ampirik 3.06 3.01
N~(6,2) %10 + N~(12,2) veri seti i¢in olusturulan ampirik dagihmlar EK-4’te verilmistir.

w0

=
3 e
c > 1t
5 O
g
> &

o

L=

o .

= | I I 1

N~(6,2) %10 + N~(12,2) %90: Kirmizi N~(6,2) %20 + N~(12,2) %80: Mavi
N~(6,2) %30 + N~(12,2) %70: Yesil N~(6,2) %40 + N~(12,2) %60: Pembe
Sekil 4.26. D =3 oldugu durumlar icin yogunluk fonksiyonlari - 1
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0.08
|

Y oguniuk
0.04
|

0.00
1

N~(6,2) %50 + N~(12,2) %50: Sar
Sekil 4.27. D =3 oldugu durumlar i¢in yogunluk fonksiyonlari — 2
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N~(6,2) %60 + N~(12,2) %40: Mor N~(6,2) %70 + N~(12,2) %30: Gti
N~(6,2) %80 + N~(12,2) %20: Turuncu N~(6,2) %90 + N~(12,2) %10: Kahverengi
Sekil 4.28. D =3 oldugu durumlar i¢in yogunluk fonksiyonlar1 — 3

Sekil 4.27.’de goruldigl tzere D = 3olmasi nedeniyle normal dagilimlar

birbirinden ayrilmig ve de cift tepeli bir normal karma dagilimi yogunluk
fonksiyonu olusturmuslardar.
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Cizelge 4.14. D =3durumlar icin BIC testi sonucu bulunan k  bilesen sayis1 ve
EM algoritmas: ile tahmin edilen parametreler

Islem Siiresi ) TAHMIN EDILEN TOPLAM
D=3 PARAMETRELER PARAMETRELER

N~(6,2)%10 + N~(5.82, 2.03) %9.67 +

2 N~(11.38, 2.72)
N~(12,2) %90 N~(11.98, 2.03) %90.33
N~(6,2)%20 + N~(5.99, 2.05) %20.28 +

2 N~(10.77, 3.14)
N~(12,2) %80 N~(11.99, 2.01) %79.72
N~(6,2)%30 + N~(6.02, 2.03) %30.47 +

2 N~(10, 3.39)
N~(12,2) %70 N~(12, 2) %68.05
N~(6,2)%40 + N~(6.05, 2.04) %40.88 +

2 N~(9.57, 3.55)
N~(12,2) %60 N~(12.02, 1.99) %59.12
N~(6,2)%50 + N~(6.03, 2.03) %50.72 +

2 N~(8.98, 3.61)
N~(12,2) %50 N~(12.02, 1.99) %49.28
N~(6,2)%60 + N~(6.03, 2.04) %60.79 +

2 N~(8.38, 3.55)
N~(12,2) %40 N~(12.03, 1.99) %39.21
N~(6,2)%70 + N~(6.02, 2.03) %70.80 +

2 N~(7.77, 3.39)
N~(12,2) %30 N~(12.03, 1.98) %29.2
N~(6,2)%80 + N~(6, 2.01) %80.35 +

2 N~(7.17, 3.1)
N~(12,2) %20 N~(11.98, 1.99) %19.65
N~(6,2)%90 + N~(6.01, 2.01) %90.18 +

2 N~(6.59, 2.67)
N~(12,2) %10 N~(11.93, 2.03) %9.82

103




4. ARASTIRMA BULGULARI VE TARTISMA Selin SARAC

N~(6, 2)
40
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=20
0
@
* 10
o "‘—'-T--—'t ,,,,, 1T T r YT y e P —
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Durumlar

s+=@++ Ortalama == StandartSapma

Sekil 4.29. D=3 durumunda N~(6, 2) dagilim icin tahmin edilen parametre

sapmalari
N~(12, 2)
40
- 30
L]
x
= 20
L)
@
* 10
0 Frrrre——p & i T T T
1 2 3 4 5 ] 7 8 9
Durumlar

vorges Oralama =g Standart Sapma

Sekil 4.30. D=3 durumunda N~(12, 2) dagihm icin tahmin edilen parametre
sapmalari
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D =3 olmasi sebebiyle iki normal dagilimin ortak degerleri azalmis ve
yogunluk fonksiyonunda karma oranlarinin birbirine yakin oldugu durumlarda ¢ift
tepe gorinimi ortaya cikmistir. BIC testi sonucunda tim durumlar icin k =2
bulunmus ve tahmin edilen parametreler test verileriyle karsilagtirildiginda %1’in

altinda bagil hata degeri oldugu hesaplanmigtir.

Y oguniuk

000 005 010 045

I | T T T
0 b 10 15 20

X

Sekil 4.31. %10’u N~(6,2) ve %90°1 N~(12,2) (kirmizi) ile tahmin edilen %9.67’si
N~(5.82, 2.03) ve %90.33’0 N~(11.98, 2.03) (mavi) dagilimlarinin
yogunluk fonksiyonlar:

w
l;::!_
o
-
= =
S s
B
}_D
=)
(=
=] I I I I ]
0 5 10 15 20
X

Sekil 4.32. %50’si N~(6,2) ve %50°si N~(12,2) (kirmizi) ile olusturulan ampirik
dagilimin (mavi) yogunluk fonksiyonlar:
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Cizelge 4.15. Islem siiresi D=3 oldugu durumlar icin saf ve normal karma
dagilim yaklasimi sonucunda Uretilen verilerin gercek veriler ile
Mann-Whitney U testi karsilastiriimasi

islem Suresi D = 3 Mann- Whitney U | Mann- Whitney U
Saf Karma
1| N~(6,2)%10 + N~(12,2) %90 0.57 0.99
2| N~(6,2)%20 + N~(12,2) %80 0.52 0.99
3| N~(6,2)%30 + N~(12,2) %70 0.63 0.98
4 [N~(6,2)%40 + N~(12,2) %60 0.54 0.99
5| N~(6,2)%50 + N~(12,2) %50 0.52 0.98
6 | N~(6,2)%60 + N~(12,2) %40 0.52 0.99
7| N~(6,2)%70 + N~(12,2) %30 0.64 0.98
8| N~(6,2)%80 + N~(12,2) %20 0.53 0.99
9| N~(6,2)%90 + N~(12,2) %10 0.54 0.98

Mann-Whitney U degerleri incelenecek olursa, tum durumlarda 50
kategoriye bolinmis olmasina ragmen, ampirik dagilim igin hesaplanan degerler,
D = 1.5 ve 2 oldugu durumlardan ani inisler ile ampirik dagilimin veri kaybi
olusturmasi sebebiyle daha diisiik ¢ikmistir. D = 3 olan bu durumda, karma dagilim
karakteri tam anlamiyla ortaya ciktigi igin, tahmin edilen parametrelerin bagil
hatas1 ¢ok diisuk, buna bagli olarak bu tahmin edilen verilerin test verilerini temsil

etmesi Mann-Whitney U testi ile kontrol edildiginde p =1’e oldukca yaklastig

goralmistlr. Bunun sebebi, veri setinin karma dagilim karakteri yukseldikce
diizgin dagilim seklinde davranmamasi ve ampirik dagilimin belirli araliklardaki

degerleri temsil edememesidir.
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Gizelge 4.16. D =3 oldugu durumlar igin saf ve karma dagihm yaklasimiyla elde
edilen  kuyrukta  bekleme  sirelerinin  teorik  sonugla
karsilastiritimasiyla elde edilen % hata degerleri

DURUM 1 2 3 4 5 6 7 8 9

SAF 0.66 | 1.13 | 1.02 | 0.72 | 0.44 | 0.23 | 0.32 | 0.55 | 1.05

KARMA 0.55 098 | 048 | 0.74| 043 | 058 | 093|104 | 05

L

% HataDeger

—g—o Ampirik Hata = =% Karma Hata

Sekil 4.33. D =3 oldugu durumlar icin % hata degerleri

D=3 olan durumlar icin 4,6,7 ve 8 numaralari durumlarda ampirik
dagilim yaklasimi teorik sonuca daha yakin degerleri hesaplayabilmistir. Karma

dagilim icin hesaplanan % bagil hatalar ile, ampirik dagilim icin hesaplananlar
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birbirine ¢ok yakin degerdedir. Bu sebeple ampirik dagilim ve normal karma

dagilim arasinda se¢im yapmak zordur.

4.2. Tslem Suresinin Ustel Karma Dagihm Oldugu Durumlar

Islem siresinin  normal karma dagilimlardan olustugu farkli D
degerlerinde durumlar incelendikten sonra, bu bolimde kesin ¢oziimu olan ve veri
belirli araliga yigilmasi sebebiyle ampirik dagilim olusturulmas: problemi yasanan

islem siresi Ustel karma dagilhim olan kuyruk modelinin performans: analiz
edilecektir. Sistemin kullanim oranm1 I :H olmak Uzere, M/M/1 sisteminin

formulleri su sekildedir (Panico, 1969).

Sistemdeki ortalama msteri sayisinin beklenen degeri

r |

L=——=——
1-r m-1

Kuyrukta bekleyen misteri sayisinin beklenen degeri

1
Lq_m(m-l)

Mdsterinin sistemde bulundugu zamanin beklenen degeri

Musterinin kuyrukta bulundugu zamanin beklenen degeri
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I
IREICR)

) Servis
: Mekanizmasi

Qeli;-‘ler arasi siire: 1-'_§12m sliresi: Karma Hizmet alan
Lsrel Dagilim Ustel Dagilim misteriler

Sekil 4.34. islem siiresinin karma Ustel dagilim oldugu bir kuyruk sistemi

Ustel dagihmlar karmasimin  yogunluk fonksiyonlar1 klasik karma
dagilimlar seklinde gorilmedigi igin tespit edilmesi ¢ok zordur. Bu sebeple Uretilen
ustel karma dagilimlari analiz ederken normal karma dagilimlardan olustugu
varsayimi yapilmustir.

Ozellikle ampirik dagilimlar icin Mann-Whitney U p degerinin 0.9’dan

yuksek olmasina 6zen gosterilmistir. Clnku veriler yeteri kadar ayrilmadigi zaman
olusturacak olan ampirik dagilim, verileri temsil edemeyebilir ve sonuglar:
etkileyebilir.

Cizelgede “Teorik” sttunu M/M/1 ya da M/G/1 kuyruk sistemine gore

cozulmils ortalama kuyrukta bekleme siiresini gostermektedir. Eger ¢’ testi

sonucunda veriler Ustel dagilima uyuyorsa, kuyruk sistemi M/M/1 kuyruk sistemi
olarak davranacag: icin “Little’s Formula”, eger bilinen herhangi bir dagilima

uymuyorsa M/G/1 sistemine déniiseceginden Pollaczek-Khintchine formillerinden
yararlamlmistir. “c?” siitunu, c? testine gore veri setinin bilinen bir dagilima
uyup uymadig: bilgisi, “Saf” siitunu, c? testi sonucunda secilen dagilim ya da

ampirik fonksiyona bagli olarak elde edilen ortalama kuyrukta bekleme suresini,

“Karma” sltunu ise, veri setine normal karma dagihimlar yaklasimi ile bilesen
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sayis1 ve parametre tahmini yapildiktan sonra elde edilen ortalama kuyrukta

bekleme stiresini gostermektedir.

4.2.1. m;/m, =1.5 Oldugu Durum

Cizelge 4.17. m;/m, =1.5 oldugu durum icin teorik, saf ve karma dagihmlar

yaklasimiyla elde edilen Wq ve ¢’ testi sonuglar

Geligler arasi

2

siire EXPO(7.5)| TEORIK c SAF KARMA
Islem Siresi p<0.1
W, (dk ' W, (dk W, (dk
n/m =15 A (dk) e A (dk) L (dk)

L EXPO(4)%10 + ) EXPO(5.82) 00,62 A
EXPO(6)%90 0.16 p =0.24 0.6 0-55

) EXPO(4)%20 + 16.2 EXPO(5.58) 16.51 16.66
EXPO(6)%80 : p =0.31 : :

3 EXPO(4)%30 + EXPO(5.37) A
EXPO(6)%70 13.54 b =0.39 13.79 13.9

4 EXPO(4)%40 + 1157 EXPO(5.18) 118 11.97
EXPO(6)%60 ' p =0.13 ' '
EXPO(4)%50 + .

5 EXPO(6)%650 10.23 Ampirik 10.4 10.22
EXPO(4)%60 + .

6 EXPO(6)%40 8.8 Ampirik 8.5 8.76
EXPO(4)%70 + .

7 . . .
EXPO(6)%30 7.42 Ampirik 7.53 7.40
EXPO(4)%80 + .

8 EXPO(6)%620 6.34 Ampirik 6.26 6.33
EXPO(4)%90 + .

9 EXPO(6)%10 5.52 Ampirik 5.48 5.51

EXPO(4) + EXPO(6) veri seti igin olusturulan ampirik dagilimlar EK-5’te verilmistir.
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Cizelge 4.17°de goriildiigii gibi; c? testi sonucunda ilk 4 durumun Ustel
dagilima uydugu, geri kalan durumlarin ise bilinen hi¢ bir dagilima uymadig tespit
edilmistir.

Bir dagilimin, parametreleri bilinen k tane normal dagilimlar
karmasindan olustugu biliniyorsa, ortalama degeri ve varyansi en ¢ok olabilirlik

yontemi ile hesaplanabilir.

K K

m=apm s’ =ap(m-m)*+s?)

i=1 i=1

Parametre tahmini yapildiktan sonra, karma dagilimlar igin teorik sonuglar
en cok olabilirlik yontemi ile hesaplanan parametre degerlerine sahip normal
dagilim islem siiresine sahip olan M/G/1 sistemi olarak ¢6zulmistr.

m, / m, degeri 1’e yakin oldugu icin, iki dagilim birbirine benzer degerlere sahiptir
Bu sebeple c? testi ilk 4 durumda anlamh ve (stel dagihm ailesi olarak

bulunmustur.

0
———
i

Y oguniuk
0
-

0 ) L — .

o 1 | 1

0 10 20 30 40 30

EXPO(4) %10 + EXPO(6)%90: Kirmizi - EXPO(4)%20 + EXPO(6)%80: Mavi - EXPO(4)%30 +
EXPO(6)%70: Yesil - EXPO(4)%40 + EXPO(6)%60: Pembe EXPO(4)%50 + EXPO(6)%50: Sari -
EXPO(4)%60 + EXPO(6)%40: Mor - EXPO(4)%70 + EXPO(6)%30: Gri - EXPO(4)%80 +
EXPO(6)%20: Turuncu - EXPO(4)%90 + EXPO(6)%10: Kahverengi

Sekil 4.35. m; / m, =1.5 oldugu her bir durum igin yogunluk fonksiyonlar:
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Sekil 4.35.’te m /m, =15 durumunda tim karma oranlar: i¢in yogunluk

fonksiyonlar gizilmistir. EXPO(4) ve EXPO(6) dagilimlarinin bilesiminden olusan
bu durum igin EXPO(6) dagiliminin karma oran: dustiikge dagihm sivrilmeye
baslamistir.

m/m, =15 durumu icin dretilen tim karma oranlarindaki veriler igin

bilinen herhangi bir dagilima uysa bile normal karma dagihmlar yaklagimiyla da
analiz edilmistir. ilk olarak veriler icin BIC analizi yapilarak bilesen sayisi tahmin
edilmeye cahisilmistir. Normal karma dagilimlar yaklagimiyla tahmin edilen k
bilesen sayilar1 ve EM algoritmasi ile her bir bilesen igin parametreler tahmin

edilmistir ve Cizelge 4.20°de gosterilmistir.

Cizelge 4.18. m, / m, =1.5 durumu igin BIC testi sonucu bulunan k bilesen sayis
ve EM algoritmasi ile tahmin edilen parametreler

islem Siiresi i , TOPLAM
k| TAHMIN EDILEN PARAMETRELER
m /m, =15 PARAMETRELER

N~(0.21, 0.13) %5.8 + N~(0.72, 0.31)
EXPO(4)%10 | |%10.69 + N~(1.79, 0.65) % 18.17 +
1|+ 7 |N~(3.57, 1.15) %19.17 + N~(6.26, N~(5.82, 5.93)
EXPO(6)%90 | |1.91) %20 + N~(19.92, 7.96) %6.99
+ N~(10.86, 3.51) %19.18

N=(0.77, 0.33) %11.7 +
N~(0.22,0.13) %6.58 + N~(1.88,

0
, EXPO(4)/020 -|0-67) %19.36 + N~(3.83, 1.22) N-(5.58, 5.7
9620.69 + N~(6.69, 2.05) %619.6 +
ExPOE)%80 | | 02069 + N~(6.69,2.05) %19.6

N~(11.28,3.65) %16.15 + N~(20.09,
7.96) %5.92

N~(0.67, 0.28) %10.75 + N~(0.19,

EXPO(4)%30 | |0.12) %5.84 + N~(1.64, 0.61) %18.21
3|+ 7|+ N~(3.43, 1.16) %21.6 + N(6.31, N~(5.37, 5.52)
EXPO(6)%70 | |2.01) %21.68 + N~(10.93, 3.59)
%16.3 + N~(19.61, 7.74) %5.62
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Cizelge 4.18. Devami

EXPO(4)%40
+

EXPO(6)%60

N~(0.19, 0.11) % 5.98 + N~(6.06, 1.94)
%21.62 + N~(0.65, 0.28) %10.76 +
N~(1.59, 0.59) %18.07 + N~(3.29, 1.11)
%21.61 + N~(10.55, 3.48) %16.34 +
N~(19.07, 7.48) %5.62

N~(5.18,
5.36)

EXPO(4)%50
+

EXPO(6)%50

N-(0.26, 0.11) %5.65 + N~(0.061, 0.03)
%1.99 + N~(0.61, 0.22) %8.18 + N~(1.3,
0.43) %13.58 + N~(2.45, 0.76) %17.82 +
N~(4.4, 1.34) %20.48 + N~(21.02, 7.3)
%3.45 + N~(7.54, 2.24) %18.58 +
N~(12.4, 3.71) %10.27

N~(4.98,
5.17)

EXPO(4)%60
+

EXPO(6)%40

N~=(0.058, 0.034) %1.9 + N~(0.306, 0.14)
%7.59 + N~(0.88, 0.35) %13.34 +
N~(1.93, 0.68) %19.77 + N~(11.59, 3.64)
%11.91 + N~(3.77, 1.2) % 21.22 +
N~(6.72, 2.04) %20.98 + N~(20.48, 7.41)
%3.29

N~(4.78,
4.98)

EXPO(4)%70
+

EXPO(6)%30

N~(0.12, 0.07) %4.32 + N~(0.46, 0.2)
%9.8 + N~(2.29, 0.73) %18.18 +
N~(1.15, 0.42) % 15.45 + N~(4.05, 1.2)
%19.27 + N~(20.23, 7.11) %2.81 + N
~(6.81, 2) %18.99 + N~(11.49, 3.55)
%11.18

N~(4.57,
4.74)

EXPO(4)%80
+

EXPO(6)%20

N~(0.046, 0.025) %1.63 + N~(0.57, 0.22)
%10.24 + N~(0.20, 0.09) %5.04 +
N~(1.38, 0.49) %18.28 + N~(2.98, 1.03)
% 24.73 + N~(5.88, 1.99) %25.27 +
N~(10.73, 3.61) %12.06 + N~(19.35,
6.94) %2.75

N~(4.37,
4.53)

EXPO(4)%90
+

EXPO(6)%10

N~(0.15, 0.09) %5.95 + N~(0.55, 0.23)
%11.29 + N~(20.13, 7.19) %1.63 +
N~(3.06, 1.09) %26.33 + N~(1.39, 0.51)
%19.18 + N~(6.15, 2.12) %25.42 +
N~(11.41, 3.89) %10.2

N~(4.2,
4.31)
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Secilen iki durum igin ampirik ve normal karma dagihm yaklasimi
verilerinin test verisi ile ¢akistirilmas: durumunda olusan yogunluk fonksiyonlari
Sekil 4.36°da gosterilmistir.

Y ogunliuk

000 005 010 0.15

X

Sekil 4.36. %50’si EXPO(4) ve %50’si EXPO(6) (kirmizi) ile tahmin edilen
ampirik (mavi) dagilimlarinin yogunluk fonksiyonlar

2

Tum karma oranlart icin tahmin edilen parametre degerleri, c“ testi

sonucunda tespit edilen dagilimlar ya da bilinen hicbir dagilima uymuyorsa kurulan
ampirik dagilhimlar icin Mann-Whitney U testi sonuclari Cizelge 4.19°da
gosterildigi gibidir.

114



4. ARASTIRMA BULGULARI VE TARTISMA

Selin SARAC

Cizelge 4.19. Islem Stresi m /m, =15 oldugu durumlar icin saf ve normal karma

dagilim yaklasimi sonucunda uretilen verilerin gercek veriler ile
Mann-Whitney U testi karsilastiriimasi

iglem Stiresi m /m, =15

Mann- Whitney U

Mann- Whitney U

Saf Karma
1| EXPO(4)%10 + EXPO(6)%90 0.46 0.79
2 [EXPO(4)%20 + EXPO(6)%80 0.31 0.93
3| EXPO(4)%30 + EXPO(6)%70 0.27 0.97
4| EXPO(4)%40 + EXPO(6)%60 0.19 0.89
5 | EXPO(4)%50 + EXPO(6)%50 0.94 0.68
6 [ EXPO(4)%60 + EXPO(6)%40 0.95 0.59
7| EXPO(4)%70 + EXPO(6)%30 0.97 0.67
8| EXPO(4)%80 + EXPO(6)%20 0.94 0.89
9| EXPO(4)%90 + EXPO(6)%10 0.92 0.84

c? testinde p degeri diistiikce Mann-Whitney U degerinin de diistiigii 4.

durumda rahathikla gorilebilmektedir.

Mann-Whitney U degerinin yiksek

olabilmesi icin ampirik dagilim olusturulurken veriler 300 kategoriye bélunmustdr.

Tahmin edilen karma dagihmlar i¢in tim durumlarda Mann-Whitney U testi

p > 0.5 seviyesini saglayabilmistir.

izelge 4.20. m /m, =15 oldugu durumlar igin saf ve karma dagihm
1 2
yaklagimiyla elde edilen kuyrukta bekleme sirelerinin teorik sonucla

karsilastiriimasiyla elde edilen % hata degerleri
1 2 3 4 5 6 7 8 9
DURUM
229 | 182|189 | 204|168 | 345|155 | 1.25 | 0.7
SAF
211 | 2.72 | 2.83 | 354 | 0.04 | 045 | 0.24 | 0.22 | 0.1
KARMA
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N
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% HataDeger

Sekil 4.37.m; /m, =1.5 oldugu durumlar igin % hata degerleri

% bagil hatalar incelenecek olursa, ilk durumda % bagil hatanin kiiguk bir

farkla saf dagilim durumunda ufak bir farkla daha yiiksek ¢ikmasina ihmal edilirse,

c? testine gore anlami ¢ikan ilk dért durumda, saf dagihm durumlarinda daha

diisik cikmustir. Fakat c? testine goére ampirik dagilim olusturulan tim

durumlarda karma normal dagihm yaklasiminin % bagil hata degerleri ampirik

dagilim yaklasimina gére daha distk hesaplanmastir.
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4.2.2. m;/m, Oldugu Durum

Cizelge 4.21. m /m,=2 oldugu durum icin teorik, saf ve karma dagilimlar
yaklasimiyla elde edilen W, ve c? testi sonuglar:

Geligler arasi

sire: TEORIK c? SAF KARMA
EXPO(7.5)
islem Suresi
¥ w, (dk) p<01 w,(dk) | W, (dk)
m/m,=2 = Ret
GAMMA(6.005,0.9
EXPO(3)%10 +
1 EXPO(6)%90 19.14 5) 18.78 19.07
(6)% p =0.57
GAMMA(5.76,0.93
EXPO(3)%20 +
2 EXPO(61%80 14.53 ) 13.98 14.51
(6)% p =0.32
GAMMA(5.49,0.92
EXPO(3)%30 +
3 EXPO(6)%70 11.41 ) 10.91 11.43
° p =0.12
EXPO(3)%40 + iy
4 9.24 Ampirik 8.99 9.26
EXPO(6)%60
EXPO(3)%50 + iy
5 7.4 Ampirik 7.22 7.42
EXPO(6)%50
EXPO(3)%60 + iy
6 5.95 Ampirik 5.82 5.97
EXPO(6)%40
EXPO(3)%70 + .
7 4.65 Ampirik 4.61 4.66
EXPO(6)%30
EXPO(3)%80 + .
8 3.61 Ampirik 3.65 3.63
EXPO(6)%20
EXPO(3)%90 + .
9 2.8 Ampirik 2.81 2.81
EXPO(6)%10

EXPO(3) + EXPO(6) veri seti i¢in olusturulan ampirik dagihimlar EK-6"da verilmistir.
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m, /m, =2 oldugu durumlarda, m, /m, degeri 1’den uzaklasmas: sebebiyle
c? testi sonucunda sadece ilk 3 durumda bilinen bir Gamma dagilimina uydugu

tespit edilmistir ve tiim durumlar icin c? testi sonuglar, c? testi sonucuna bagh

olarak hesaplanan teorik sonuclar, saf ve normal karma dagilima ait sonuglar

Cizelge 4.21.”de gosterilmistir.

= &
N - B
5 © |
E‘ —
& o
Q - =
> o
o
o -
o | I I | I I
0 10 20 30 40 50
X

EXPO(3)%10 + EXPO(6)%90: Kirmizi - EXPO(3)%20 + EXPO(6)%80: Mavi - EXPO(3)%30 +
EXPO(6)%70: Yesil - EXPO(3)%40 + EXPO(6)%60: Pembe EXPO(3)%50 + EXPO(6)%50: Sari -
EXPO(3)%60 + EXPO(6)%40: Mor - EXPO(3)%70 + EXPO(6)%30: Gri - EXPO(3)%80 +
EXPO(6)%20: Turuncu - EXPO(3)%90 + EXPO(6)%10: Kahverengi

Sekil 4.38. m, /m, =2 oldugu her bir durum i¢in yogunluk fonksiyonlar:

m, /m, =15 durumuna benzer sekilde, m/m,=2 durumunda da, EXPO(6)

dagilimin karma orani azaldikca yogunluk fonksiyonu sivrilmeye baslamustir.
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ve EM algoritmasi ile tahmin edilen parametreler

Cizelge 4.22.m,/m, = 2 durumlar igin BIC testi sonucu bulunan Kk bilesen sayisi

islem Suresi
m,/m,=2

k

TAHMIN EDILEN
PARAMETRELER

TOPLAM

PARAMETREL

ER

EXPO(3)%10
+

EXPO(6)%90

N—(0.22, 0.13) %6.74 + N~(0.79,
0.34) %11.93 + N~(1.93, 0.69) %
19.23 + N~(20.51, 8.08) %6.13 +
N~(3.88, 1.23) %20.05 + N~(6.73,
2.04) %18.88 + N~(11.38, 3.65)
%17.04

N~(5.72,5.9)

EXPO(3)%20
+

EXPO(6)%80

N~—(0.21, 0.13) %6.88 + N~(0.76,
0.32) %12.57 + N~(3.68, 1.18)
%19.91 + N~(20.28, 8.05) %5.52 +
N~(1.85, 0.67) %19.51 + N~(6.43,
1.98) %19.27 + N~(11.15, 3.62)
%16.34

N~(5.38, 5.69)

EXPO(3)%30
+

EXPO(6)%70

N~(0.6074, 0.044) %2.28 +
N~(0.29, 0.13) %6.47 + N~(0.82,
0.32) %13.23 + N~(1.85, 0.64)
%18.39 + N(3.53, 1.11) %19.1 +
N~(6.16, 1.89) %19.68 +
N~(19.97, 7.89) %4.94 +
N~(10.87, 3.58) %15.91

N~(5.08, 5.42)

EXPO(3)%40
+

EXPO(6)%60

N~(0.097, 0.06) %3.39 + N~(0.36,
0.16) %7.94 + N~(0.92, 0.35)
%14.14 + N~(1.98, 0.66) %18.52 +
N(3.67, 1.13) %19.7 + N~(6.33,
1.91) %17.93 + N~(10.94, 3.57)
%14.02 + N~(19.93, 7.73) %4.36

N~(4.78, 5.22)

EXPO(3)%50
+

EXPO(6)%50

N~(0.063, 0.036) %2.26 +
N~(0.28, 0.13) %7.67 + N~(0.81,
0.32) %14.44 + N~(1.83, 0.65)
%20.06 + N(6.19, 1.93) %18.78 +
N~(3.52, 1.14) %20.85 +
N~(11.06, 3.59) %12.72 +
N~(20.94, 7.52) %3.22

N~(4.48, 4.96)
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Cizelge 4.22. Devami

EXPO(3)%60
+

EXPO(6)%40

N~(0.093, 0.059) %3.77 +
N~(11.15, 3.6) %10.68 +
N~(0.36, 0.16) %9.16 + N~(0.95,
0.36) %16.12+ N(2.03, 0.68)
%20.52 + N~(3.8, 1.2) %20.37 +
N~(6.42, 1.96) %16.83 +
N~(21.15, 7.64) %2.55

N~(4.19, 4.68)

EXPO(3)%70
+

EXPO(6)%30

N~(0.35, 0.15) %9.37 +
N~(0.094, 0.059) %4.13 +
N~(0.902, 0.33) %15.79 +
N~(10.28, 3.45) %11.4 + N(1.87,
0.61) %18.91 + N~(3.29, 1)
%18.51 + N~(5.62, 1.75) %19.6
+ N~(20.12, 7.44) %2.29

N~(3.87, 4.33)

EXPO(3)%80
+

EXPO(6)%20

N—(0.108, 0.067) %5.13 +
N~(0.38, 0.16) %10.14 +
N~(0.94, 0.33) %16.81 +
N~(1.89, 0.59) %18.07 + N(3.26,
0.97) %19.09 + N~(5.58, 1.71)
%19.15 + N~(10, 3.36) %9.72 +
N~(19.31, 7.29) %1.89

N~(3.57, 3.96)

EXPO(3)%90
+

EXPO(6)%10

N~(0.11, 0.068) %5.44 +
N~(0.38, 0.16) %10.27 +
N~(0.92, 0.33) %17.32 +
N~(3.19, 0.96) %19.08 + N(1.85,
0.58) %18.39 + N~(5.45, 1.7)
9%19.51 + N~(9.82, 3.43) %8.86
+ N~(18.84, 7.69) %1.13

N~(3.29, 3.56)

BIC degeri ile tespit edilen k bilesen sayisina gére EM algoritmasi
calistinllarak her bir bilesen icin yapilan parametre tahminleri Cizelge 4.22.’de

gosterilmektedir.
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Y oduniuk

000 005 010 0415

J

X

Sekil 4.39. %20 ‘si EXPO(3) ve %80’i EXPO(6) (kirmizi) ile tahmin edilen yedi
normal dagilhimdan olusan karma (mavi) dagilhimlarinin yogunluk
fonksiyonlari

Y oguniul

0.00 005 0.10 0.15

X

Sekil 4.40. %30’u EXPO(3) ve %70’i EXPO(6) (kirmizi) ile olusturulan ampirik
(mavi) dagilimin yogunluk fonksiyonlari

Saf dagilimlar igin Mann-Whitney U testi degerleri Cizelge 4.23.’te ilk 3

durum c? testine uyan Gamma dagilimi igin, diger durumlarda 300 kategoriye

ayrilmig ampirik dagilhim icin, karma durumlar icin olan degerler ise BIC testi
sonucunda tahmin edilen k bilesen sayisi icin uygulanan EM algoritmasi ile

tahmin edilen parametreler igin gosterilmektedir.
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Cizelge 4.23. islem Suresi m; /m, =2 oldugu durumlar igin saf ve normal karma
dagilim yaklagimi sonucunda Uretilen verilerin gercek veriler ile

Mann-Whitney U testi karsilastiriimasi

islem Stiresi m /m,=2

Mann- Whitney U

Mann- Whitney U

Saf Karma
1| EXPO(3)%10 + EXPO(6)%90 0.63 0.73
2| EXPO(3)%20 + EXPO(6)%80 0.24 0.54
3| EXPO(3)%30 + EXPO(6)%70 0.30 0.57
4 | EXPO(3)%40 + EXPO(6)%60 0.96 0.65
5| EXPO(3)%50 + EXPO(6)%50 0.97 0.55
6 | EXPO(3)%60 + EXPO(6)%40 0.96 0.77
7| EXPO(3)%70 + EXPO(6)%30 0.97 0.45
8| EXPO(3)%80 + EXPO(6)%20 0.95 0.62
9| EXPO(3)%90 + EXPO(6)%10 0.96 0.54

Cizelge 4.24. m; /m, =2 oldugu durumlar icin saf ve karma dagilim yaklasimiyla
srelerinin  teorik  sonugla

elde

edilen

kuyrukta
karsilastiriimasiyla elde edilen % hata degerleri

bekleme

DURUM

2

3

4

5

6

SAF

1.89

3.81

4.34

2.71

2.37

2.19

0.97 | 1.07 | 0.44

KARMA

0.38

0.14

0.15

0.21

0.31

0.37

0.22 | 0.44 | 0.46
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b

% HataDeger

Sekil 4.41.m,/m, =2 oldugu durumlar igin % hata degerleri

Sekil 4.41°de goraldigi Gzere, 9. durum disinda tim durumlarda normal
karma dagilim yaklasimi %1 bagil hatadan bile diisik olacak sekilde ortalama
kuyrukta bekleme siresini hesaplamistir. 9. durumda ise, ampirik dagilhim

yaklasimi sadece %0.02°lik bir fark ile daha dogru sonug verdigi tespit edilmistir.

4.2.3. m;/m, = 2.5 Oldugu Durum
Cizelge 4.25’te goruldugi Gzere, m /m, degeri arttikga karma dagilim karakteri

ortaya giktig1 icin c? testi sadece 1. durumda anlamlidir ve Gamma dagilimina

uyar. Bu durum disindaki tim durumlar icin 300 kategoriye ayrilmis ampirik
dagilim kurulmas: gerekmektedir.
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Cizelge 4.25. m,/m, =2.5 oldugu durum igin teorik, saf ve karma dagilimlar

yaklasimiyla elde edilen Wq ve ¢’ testi sonuglari

Geligler arasi
siire: EXPO(7.5)| TEORIK c’ SAF KARMA
Islem Siiresi P<0.1
W, (dk) W, (dk) W, (dk)
m/m, =25 = Ret
EXPO(2.4)%10 GAMMA(6.05,0.93
1|+ EXPO(6)%90 18.35 7) 18.30 18.40
p =0.274
EXPO(2.4)%20 -
2 13.45 Ampirik 12.89 13.45
+ EXPO(6)%80
EXPO(2.4)%30 -
3 10.24 Ampirik 9.80 10.27
+ EXPO(6)%70
EXPO(2.4)%40 -
4 8.04 Ampirik 7.74 8.06
+ EXPO(6)%60
EXPO(2.4)%50 .
5 6.24 Ampirik 6.11 6.23
+ EXPO(6)%50
EXPO(2.4)%60 .
6 4.83 Ampirik 4.71 4.82
+ EXPO(6)%40
EXPO(2.4)%70 .
7 3.61 Ampirik 3.57 3.63
+ EXPO(6)%30
EXPO(2.4)%80 -
8 2.63 Ampirik 2.65 2.64
+ EXPO(6)%20
EXPO(2.4)%90 -
9 1.85 Ampirik 1.96 1.86
+ EXPO(6)%10

EXPO(2.4) + EXPO(6) veri seti icin olusturulan ampirik dagilimlar EK-7de verilmistir.
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020
1

Y ofuniuk

000 010

T T T
0 10 20 30 40 30

EXPO(2.4)%10 + EXPO(6)%90: Kirmizi - EXPO(2.4)%20 + EXPO(6)%80: Mavi -
EXPO(2.4)%30 + EXPO(6)%70: Yesil - EXPO(2.4)%40 + EXPO(6)%60: Pembe
EXPO(2.4)%50 + EXPO(6)%50: Sart - EXPO(2.4)%60 + EXPO(6)%40: Mor -
EXPO(2.4)%70 + EXPO(6)%30: Gri - EXPO(2.4)%80 + EXPO(6)%20: Turuncu -
EXPO(2.4)%90 + EXPO(6)%10: Kahverengi

Sekil 4.42. m, /m, = 2.5 oldugu her bir durum igin yogunluk fonksiyonlar:

m/m,=15 wve m/m,=2 durumlarina benzer sekilde, m /m,=25

durumunda da, EXPO(6) dagilimin karma oranm azaldik¢a yogunluk fonksiyonu

sivrilmeye baslamustir.
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Cizelge 4.26.m /m, =25 durumlar igin BIC testi sonucu bulunan k bilesen sayis:
ve EM algoritmasi ile tahmin edilen parametreler

Islem Suresi TAHMIN EDILEN TOPLAM
k
m/m,=25 PARAMETRELER PARAMETRELER
N~(0.75, 0.32) %11.88 + N~(0.21,
0.13) %6.64 + N~(1.84, 0.66) %
EXPO(2.4)%1
18.82 + N~(3.66, 1.15) %19.01 +
0+EXPO(6) | 7 N~(5.67, 5.92)
N~(6.36, 1.92) %18.95 +
%90
N~(11.02, 3.55) %18.17 +
N~(20.22, 8.04) %6.53
N~(0.19, 0.12) %6.95 +
N~(0.73,0.31) %13.25 + N~(1.82,
EXPO(2.4)%2 0.66) %20.32 + N~(6.05, 1.79)
0+ EXPO(6) | 8 |%17.98 + N~(3.55, 1.12) %18.41 +| N~(5.26, 5.68)
%80 N~(10.37, 3.07) %15.93 +
N~(27.47, 8.88) %1.3 + N~(17.7,
5.32) %5.86
N~(0.08, 0.48) %2.84 + N~(0.79,
0.3) %13.77 + N~(0.29, 0.12)
EXPO(2.4)%3
%6.74 + N~(1.85, 0.65) %20.02 +
0+EXPO(6) | 8 N~(4.89, 5.42)
N(3.61, 1.15) %19.43 + N~(6.21,
%70
1.89) %16.95 + N~(10.77, 3.5)
%15.18 + N~(19.88, 7.87) %5.07
N~(0.095, 0.05) %3.92 + N~(0.35,
0.15) %8.44 + N~(0.87, 0.32)
EXPO(2.4)%4
%14.12 + N~(1.88, 0.63) %19.58 +
0+EXPO(6) | 8 N~(4.55, 5.18)
N(3.51, 1.1) %19.29 + N~(6.06,
%60
1.85) %16.11 + N~(10.56, 3.44)
%13.93 + N~(19.63, 7.71) %4.61

126




4. ARASTIRMA BULGULARI VE TARTISMA

Selin SARAC

Cizelge 4.26. Devami

EXPO(2.4)%
50 +

N=(0.11, 0.071) %5.24 +
N~(1.02, 0.38) %16.29 +
N~(0.41, 0.18) %10.42 + N~(2.2,

0.013) %0.1+ N(2.21, 0.78) N~(4.17, 4.88)
(%30(6) %22.69 + N~(19.16, 7.6) %4.22

+ N~(4.48, 1.56) %24 + N~(9.26,

3.4) %17.04

N~(0.034, 0.019) %1.66 +

N~(0.15, 0.07) %5.06 + N~(0.41,
53('20(2'4)% 0.15) %9.12 + N~(0.91, 0.32)
EXPO(6) %15.13+ N(1.9, 0.65) %21.65 + | N~(3.82, 4.56)
0640 N~(3.63, 1.16) %21.39 + N~(6.4,

1.98) %14.54 + N~(21.16, 7.65)

%2.48 + N~(11.13, 3.53) %8.97

N~(0.072, 0.044) %3.81 +

N~(0.70, 0.26) %15.14 +
53(20(2'4)% N~(0.27, 0.12) %8.81 + N~(1.47,
EXPO(6) 0.48) %17.45 + N(2.63, 0.83) N~(3.45, 4.16)
%30 %20.11 + N~(4.73, 1.57)

%20.41 + N~(9.27, 3.34) %11.76

+ N~(19.31, 7.55) %2.51

N~(9.53, 3.26) %7.86 + N~(0.3,

0.13) %9.86 + N~(0.08, 0.05)
Sc))( 20(2'4)% %4.85 + N~(0.78, 0.28) %17.58
EXPO(6) + N(5.35, 1.7) %15.16 + N~(3.09, 3.7)
0620 N~(1.68, 0.56) %21.61 +

N~(3.11, 1.01) %21.34 +

N~(19.29, 7.47) %1.74

N~(0.08, 0.05) %5.19 + N~(0.3,
EXPO(2.4)% 0.12) %10.25 + N~(0.75, 0.27)
90 + %17.85 + N~(1.5, 0.47) %18.1 +
EXPO(6) N(4.39, 1.33) %19.07 + N~(2.57, N~(2.75,3.17)
%10 0.75) %18.69 + N~(7.99, 2.8)

%9.29 + N~(16.37, 7.51) %1.56
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Saf ve normal karma dagilimlar yaklasimi i¢in Mann-Whitney U testi

sonucglari Cizelge 4.27°de go6sterilmistir. Saf dagilimlarda birinci durum igin

2

parametreleri c“ testi ile tespit edilen gamma dagilimin Gretilen veriler ile

karsilagtirilarak elde edilen, diger durumlar ise verilerin 300 kategoriye ayrilarak
olusturulan ampirik dagilimlar Uretilen veriler ile Karsilastirilarak hesaplanan
degerlerini gostermektedir. Karma dagilimlar i¢in Mann-Whitney U testi degerleri
ise, normal karma dagilimi yaklagimi ile tahmin edilen normal dagilimlarin Uretilen

veriler ile karsilastirilarak hesaplanan degerleridir.

Cizelge 4.27. islem Suresi m /m, =250ldugu durumlar icin saf ve normal karma

dagilim yaklasimi sonucunda dretilen verilerin gercek veriler ile
Mann-Whitney U testi karsilastiriimas:

_ Mann- Whitney
. _ Mann- Whitney U
islem Suresi m/m,=25 U
Saf
Karma

1|EXPO(2.4)%10 + EXPO(6)%90 0.35 0.87
2 [EXPO(2.4)%20 + EXPO(6)%80 0.96 0.48
3 [EXPO(2.4)%30 + EXPO(6)%70 0.98 0.68
4| EXPO(2.4)%40 + EXPO(6)%60 0.97 0.48
5| EXPO(2.4)%50 + EXPO(6)%50 0.98 0.65
6 | EXPO(2.4)%60 + EXPO(6)%40 0.95 0.56
7| EXPO(2.4)%70 + EXPO(6)%30 0.98 0.42
8 | EXPO(2.4)%80 + EXPO(6)%20 0.99 0.76
9 [EXPO(2.4)%90 + EXPO(6)%10 0.86 0.76

Tahmin edilen normal karma dagilimlar igin Mann-Whitney U degerleri

incelendiginde Uretilen veriler ile ayn: kitleden geldigi gorulmektedir.
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Y oguniuk

0.00
|

Sekil 4.43. %10°'u EXPO(2.4) ve %901 EXPO(6) (kirmizi) ile
GAMMA(6.05,0.937) (mavi) dagilhimlarinin yogunluk
fonksiyonlari

0.20
l

Y ofuniuk
0.10
|

0.00
I

_J T 1 T T T T

0 10 20 30 40 50

X

Sekil 4.44. %601 EXPO(2.4) ve %40’t EXPO(6) (kirmizi) ile yedi normal
dagilimdan olusan karma (mavi) dagilimlarimin  yogunluk
fonksiyonlari
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Cizelge 4.28. m,/m,=250ldugu durumlar igin saf ve karma dagilim

yaklasimiyla elde edilen kuyrukta bekleme sirelerinin teorik
sonucla karsilastirilmasiyla elde edilen % hata degerleri

DURUM 1 2 3 4 5 6 7 8 9

SAF 025|419 | 424 | 375|203 | 262 | 1.27 | 0.86 | 6.30

KARMA 03 | 0.02]|032|015|0.12| 024|034 | 0.6 | 0.59

% HataDegeri

=

=g Ampirik Hata =& +% Karma Hata

Sekil 4.45. m /m, =25 oldugu durumlar igin % hata degerleri
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Ik durum digindaki tiim durumlarda normal karma dagilim yaklasimi ampirik

dagilim yaklasimina gére ¢ok daha dogru sonu¢ verdigi saptanmistir. 1. ve 9.

durumlarda %901 bir dagilimdan olustugu icin tek bir dagilim gibi davranma ve

buna bagli olarak ampirik dagilimin normal karma dagilim yaklasimina gére daha

iyi sonu¢ vermesi durumu ortaya ¢ikabilir.

4.2.4. m;/m, =3 Oldugu Durum

Cizelge 4.29. m /m, =3 oldugu durum igin teorik, saf ve karma dagihimlar

yaklasimiyla elde edilen w, ve c? testi sonugclar:

Geligler arasi

| Exiu(;?;.s) TEORIK c? SAF | KARMA
'§|1”; n?i;eSi W, (dk) p=<RZ't1 W, (dk) | W, (dk)
0, . .

1 Eigg%gg T 1783 GAM;\AA=(6O.13O383’2 922) 1784 | 1785
2 Eigg%gﬁ;gg Tl 1285 Ampirik 1234 | 1285
3 Eigg%ggg T 963 Ampirik 926 9.63
4 Eigg%%g T 743 Ampirik 7.18 7.44
5 Eigg%gﬁ;gg | 564 Ampirik 5.52 5.70
6 Eigg%gﬁig Tl o427 Ampirik 4.15 4.28
7 Eigg%gﬁ;g 1 310 Ampirik 3.05 3.12
8 Eigg%gﬁ;gg T 216 Ampirik 213 2.15
9 Eigg%gﬁg | 140 Ampirik 1.38 1.41

EXPO(2) + EXPO(6) veri seti icin olusturulan ampirik dagilimlar EK-8’de verilmistir.

131




4. ARASTIRMA BULGULARI VE TARTISMA Selin SARAC

(= \
' - '|
5 B I'L'
[= e |
3 © )
g o] 'f“'z._
el ) S
o T | | | | |
0 10 20 a0 40 50

EXPO(2)%10 + EXPO(6)%90: Kirmizi1 - EXPO(2)%20 + EXPO(6)%80: Mavi - EXPO(2)%30 +
EXPO(6)%70: Yesil - EXPO(2)%40 + EXPO(6)%60: Pembe EXPO(2)%50 + EXPO(6)%50: Sari -
EXPO(2)%60 + EXPO(6)%40: Mor - EXPO(2)%70 + EXPO(6)%30: Gri - EXPO(2)%80 +
EXPO(6)%20: Turuncu - EXPO(2)%90 + EXPO(6)%10: Kahverengi

Sekil 4.46.m, / m, =3 oldugu her bir durum igin yogunluk fonksiyonlar:

Cizelge 4.30.m,/m, =3 durumlar i¢in BIC testi sonucu bulunan k bilesen sayisi
ve EM algoritmasi ile tahmin edilen parametreler

Islem Siresi ) . TOPLAM
ml/mz -3 k | TAHMIN EDILEN PARAMETRELER PARAMETRELER

N~(0.19, 0.12) %6.38 + N~(0.71, 0.3)
EXPO(2)%10 | |%11.8 + N~(1.78, 0.65) % 19.07 +
1]+ 7| N~(3.57, 1.16) %18.88 + N~(6.27, N~(5.62, 5.92)
EXPO(6)%90 | |1.93) %18.95 + N~(10.93, 3.55)
%18.33 + N~(20.15, 8.03) %6.59
N—(0.18, 0.11) %6.88 + N~(0.68,0.3)
%13.49 + N~(1.76, 0.65) %20.84 +

0,
, EXPO(Z) %20 o | N~(6.02, 1.8) 9%17.47 + N~(3.48, N=(5.18, 5.69
ExPOEs0 | | 112) %18:34 + N~(10.29, 3.0) 18,9
° %15.67 + N~(27.35, 8.88) %1.34 +
N~(17.57, 5.31) %5.97
N~(0.07, 0.47) %3.09 + N~(0.73,
0.28) %13.54 + N~(0.28, 0.12) %6.7
0,
; EXPO(Z)/‘BO o |+ N=(1.74,0.62) %20.57 + N(3.49, N-(4.77. 5.43)
. > 77, 5.
ExPOE70 | | L1 %2001 + N~(6.23, 1.93)

%16.51 + N~(10.8, 3.53) %14.53 +
N~(19.9, 7.88) %5.05
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Cizelge 4.30. Devami

EXPO(2)%40
+

EXPO(6)%60

N~(0.063, 0.039) %2.92 + N~(0.21,
0.089) %5.31 + N~(0.51, 0.18) %9.88
+ N~(2.04, 0.64) %19.46 + N(1.04,
0.35) %13.5 + N~(3.73, 1.14) %18.49
+ N~(6.51, 1.96) %13.93 + N~(10.9,
3.5) %12.12 + N~(19.9, 7.72) %4.39

N~(4.39, 5.18)

EXPO(2)%50
+

EXPO(6)%50

N~(0.028, 0.015) %1.26 + N~(0.14,
0.068) %5.6 + N~(0.43, 0.17) %11.05
+ N~(0.98, 0.35) %15.81 + N(2, 0.66)
%20.68 + N~(3.73, 1.18) %19.73 +
N~(6.71, 2.08) %13.29 + N~(11.39,
3.56) %9.49 + N~(21.19, 7.49) %3.12

N~(3.99, 4.9)

EXPO(2)%60
+

EXPO(6)%40

N~(0.059, 0.037) %3.42 + N~(0.22,
0.09) %7.55 + N~(0.57, 0.21) %13.62
+N~(1.19, 0.39) %16.53+ N(11.15,
3.59) %8.22 + N~(2.17, 0.65) %18.19
+N~(3.7, 1.1) %17.23 + N~(6.41,
1.96) %12.75 + N~(21.2, 7.66) %2.49

N~(3.58, 4.53)

EXPO(2)%70
+

EXPO(6)%30

N~(0.232, 0.1) %8.54 + N~(0.062,
0.038) %3.89 + N~(10.74, 3.45)
%7.17 + N~(0.58, 0.21) %14.57 +
N(1.18, 0.38) %16.28 + N~(2.09,
0.61) %18.74 + N~(6.08, 1.83)
9%11.33 + N~(3.56, 1.05) %17.54 +
N~(20.99, 7.44) %1.94

N~(3.18, 4.09)

EXPO(2)%80
+

EXPO(6)%20

N~(0.25, 0.1) %9.61 + N~(0.07, 0.04)
%4.77 + N~(0.65, 0.23) %17.42 +
N~(1.42, 0.48) %21.62 + N(2.69, 0.9)
%22.49 + N~(4.79, 1.63) %14.79 +
N~(18.52, 7.53) %1.9 + N~(8.85,
3.18) %7.4

N~(2.76, 3.55)

EXPO(2)%90
+

EXPO(6)%10

N~(0.07, 0.04) %5.05 + N~(0.25, 0.1)
%10.3 + N~(1.27, 0.41) %18.67 +
N~(0.63, 0.22) %17.79 + N(3.81, 1.2)
%18.62 + N~(2.22, 0.67) %19.33 +
N~(7.16, 2.57) %8.62 + N~(15.86,
7.56) %1.62

N~(2.39, 2.94)
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Y oguniuk

000 010 020 030

0 10 20 30 40
X

Sekil 4.47. %70’i EXPO(2) ve %30’u EXPO(6) (kirmizi) ve dokuz normal
dagilimdan olusan karma (mavi) dagihmlarinin  yogunluk
fonksiyonlari

010 015
|

Y oguniuk
0.08
1

0.00
1
—

X

Sekil 4.48. %10'u EXPO(2) ve %901 EXPO(6) (kirmizi) ile
GAMMA(6.108,0.922)  (mavi)  dagilimlarimin  yogunluk
fonksiyonlari
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Cizelge 4.31. Islem Suresi m, /m, =3 oldugu durumlar icin saf ve normal karma

dagilim yaklagimi sonucunda Uretilen verilerin gercek veriler ile
Mann-Whitney U testi karsilastiriimasi

Islem Suresi Mann- Whitney U | Mann- Whitney U
m/m,=3 Saf Karma
1| EXPO(2)%10 + EXPO(6)%90 0.29 0.79
2| EXPO(2)%20 + EXPO(6)%80 0.95 0.52
3| EXPO(2)%30 + EXPO(6)%70 0.97 0.74
4| EXPO(2)%40 + EXPO(6)%60 0.98 0.79
5 | EXPO(2)%50 + EXPO(6)%50 0.97 0.64
6 | EXPO(2)%60 + EXPO(6)%40 0.96 0.67
7| EXPO(2)%70 + EXPO(6)%30 0.96 0.63
8| EXPO(2)%80 + EXPO(6)%20 0.99 0.62
9| EXPO(2)%90 + EXPO(6)%10 0.99 0.86

m, /m, =3 durumu icin saf ve normal karma dagihmlar yaklasimi igin
Mann-Whitney U testi sonuglar: Cizelge 4.31°deki gibidir. Saf dagilimlarda birinci
durum icin parametreleri c? testi ile tespit edilen gamma dagilimin retilen veriler

ile karsilagtirilarak elde edilen verilerin Mann-Whitney U testi sonucunda

hesaplanan p degeri, ampirik dagilim ile olusturulan fonksiyonlar ile elde edilen

verilerden daha dustktur fakat Sekil 4.48.”de gorildugl tizere Gamma dagilimi test

verilerini temsil etmektedir.
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Cizelge 4.32. m, / m, = 3 oldugu durumlar icin saf ve karma dagilim yaklasimiyla

elde edilen kuyrukta bekleme sirelerinin teorik sonugla
karsilastirilmasiyla elde edilen % hata degerleri
DURUM 1 2 3 4 5 6 7 8 9
SAF 0.09 | 393 | 38 | 327|210 |268|1.84| 138|195
KARMA 0.12 | 0.03 | 0.01 | 0.12 | 1.05 | 0.21 | 0.48 | 0.46 | 0.50
7
5
5
1 P
2 3 4 5 3] 7 8 8
—— 3 AMpirik Hata = o= % Karma Hata

Sekil 4.49.m /m, =3 oldugu durumlar icin % hata degerleri

Cizelge 4.32 ve Sekil 4.49. incelendiginde, 1. durum digindaki tum

durumlarda, normal karma dagilim yaklasiminin ampirik dagilim yaklasimina gore

teorik sonuclara daha yakin sonuclar elde ettigi gézlemlenmistir. 1. durumda c?

testi anlamli olan bir dagilim s6z konusu oldugu igin saf dagilim yaklasimi daha

ustlin gorulse bile, normal karma dagilimi yaklasiminin da % bagil hatasi ¢ok

diistiktir.
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5. SONUCLAR VE ONERILER

Bu caligmada, kuyruk modelinin kurulabilmesi icin toplanan verilerin
herhangi bir bilinen dagilima uymadig: durumlarda olusturulmas: gereken ampirik
dagilim yaklasiminin, normal karma dagilhimi yaklasimi ile Karsilastirilip

yorumlanmas: amagclanmistir. Bu amacla islem siresinde kullamilmak (Uzere,

normal karma dagilimlarda D = 1.5, 2, 2.5, 3 ve Ustel karma dagilimlarda m /m, =

1.5, 2, 2.5, 3 olacak sekilde tim durumlarda %10’luk degisen tim karma oranlar
icin sistematik bir sekilde dretilmistir.

Kuyruk sistemi igin toplanan veriler cogu zaman herhangi bir dagilima
uymaz ve ampirik dagihm olusturmak gerekebilir. Ampirik dagilim olusturmak,
Ozellikle verilerin fazla veya belirli bir araliga yigilma mevcutsa fazla kategoriye
bolinmesi gerektigi icin zaman alabilir. Normal karma dagilim yaklasiminda,
veriler BIC degeri sonucunda birbirine benzer veriler siniflandirilarak normal
dagilim bilesenleri olusturulmus ve olusturulan her bir bilesenin ortalama ve
standart sapma degerleri EM algoritmas: ile bulunmustur. Tahmin edilen bu
degerler igin sayilar Uretilip test verileriyle karsilastirilmis ve Mann-Whitney U
testi ile aym kitleden geldigi ispat edilmistir. Ampirik dagilimlar olusturulurken,
verilerin belirli bir araliga yigilmadigi normal karma dagilimlarda 50 kategoriye
bdlmek yeterli olurken, kicik bir aralikta fazla veriye sahip olan tstel karma
dagilim uygulamalarinda 300 kategoriye bolinmustur. Bu ampirik dagilimlar Ek
olarak verilmistir. Ampirik dagilimlar ve normal karma dagilimlar karsilastirilirken
%10-%90’ ik karma oranlarinin olusturan 1. ve 9. durumlarda karma karakterinin
disuk olmasi nedeniyle, normal karma dagilim sonuclarindan elde edilen %bagil
hatalar yuksek olabilir. Bu istisnai durumlar g6z oOniinde bulundurularak
yorumlamak énemlidir.

Islem siresinin - normal karma dagihmlardan olustugu  kuyruk

sistemlerinden elde edilen sonuclar incelenecek olursa, D=1.5 olan durumda, tim
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karma oranlarinda ampirik dagilim normal karma dagilim yaklasimina gore, daha
diisiik % bagil hata degeri vermistir. Bu sebebi, D ’nin 1’e yakin olmas: sebebiyle
karma karakterinin diisiik olmasi ve tek bir dagihim seklinde davranma egilimidir.
Bu nedenle normal karma dagilim yaklasimi D degerinin 1’e yakin oldugu
durumlarda iyi galismaz.

D =2 oldugu durumda ise, karma karakteri artmaya baslamas: nedeniyle
en disuk % bagil hata normal karma dagilim yaklasimiyla karma oraninin en yakin
oldugu N~(6, 2) %50 + N~(10, 2) %50 durumunda tespit edilmistir.

D arttikca karma dagilimi olusturan normal dagilimlar birbirinden
ayrilarak daha gorunlr ve ayristirilabilir hale gelir. D = 1.5, 2, 2.5 ve 3 olan
durumlar igin tahmin edilen parametreler incelendigi zaman Mahalanobis uzaklig
arttikga, karma dagilim yaklasimin tahmin edilen parametrelerin test verilerine
yaklastigi, ortalama ve standart sapmalar icin hesaplanan % bagil hata degerlerinin
giderek dusttigt ve buna bagl olarak Mann-Whitney U p degerinin 1’e yaklastig:
gorulmustar.

Fakat D uzakligi arttikga, karma dagilim yaklasiminin daha iyi sonug
vermesi beklenirken bdyle bir sonucla karsilasilamamistir. Fakat % hatalar
incelenecek olursa; hem ampirik dagilim ve karma dagilim yaklasimi teorik
sonuglara son derece yakindir. 50 kategori ile ampirik dagilim igin gegerlilik
saglanan fonksiyon ile karma dagilim yaklasim: arasinda net bir secim yapabilmek
bu sebeple mumkiin degildir. Fakat test verilerini kayip olmadan temsil edebilmek
anlaminda birden fazla tepe noktasinin ya da genis tepelerin oldugu durumlarda
normal karma dagilimin kullanilmas: 6nerilebilir. Benzer sekilde veri setinde cok
fazla 6rneklem bulunuyorsa, ampirik dagilim olusturmak uzun ve zahmetli oldugu
olacag: icin normal karma dagilim yaklastmi kullanilabilir. incelenen sistemde,
karma dagilimin kullanilmas: gerekliligi, farkl: iki is¢inin kullandigi bir makine ya
da mevsimsellik iceren Uretim sayilari da olabilir. Bu gibi durumlarda da karma

dagilim yaklasimindan yardim alinabilir.
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Islem siresinin Gstel karma dagilimlardan olustugu kuyruk sistemlerinden

elde edilen sonuclar incelenecek olursa, m,/m, oram 1’e yaklasikca iki Ustel
dagilim birbirine benzemesi sebebiyle c¢? testinin anlamli giktigi durum sayis:

artmistir. ¢ testi sonucunda hesaplanan p degeri yikseldikge, Mann-Whitney U

testinde hesaplanan p degeri de yukselmistir.

m,/m,= 15 olan kuyruk sisteminde, ilk 4 durum c? testi p<0.1
seviyesinde anlamli ¢ikmig ve Ustel dagilim ailesine uydugu gorilmistir. Eger veri

seti c? testi sonucunda anlamli gikiyorsa, normal karma dagihm yaklasiminin

2

kullanilmasina gerek olmadigi gérilmektedir. ¢ testinde bilinen herhangi bir

dagilima uymayan durumlarda, veri seti belirli bir araliga yogun bir sekilde
yigilmig ve Ustel dagilim formu gosteriyorsa normal karma dagilim yaklagimiyla
%0.5’ten daha kucuk bagil hatalar ile kuyrukta ortalama bekleme sureleri
hesaplanabilmistir.

m, /m,= 2 olan kuyruk sisteminde, 9. durum hari¢ tim durumlarda, ilk 3

durum c? testi sonucunda Gamma dagilimina uydugu tespit edilmesine ragmen,

% bagil hata normal karma dagilhim yaklasimi igin daha dustk hesaplanmistir. Bu
kuyruk sisteminde normal karma dagilim yaklasimiyla elde edilen %bagil hatalarin

tamami %0.5’in altindadir.

ml/mzz 2.5 olan kuyruk sisteminde ise c? testine gére gamma
dagilimina uyan 1. durum hari¢ tim durumlarda, normal karma dagilim yaklagimi
%0.6 bagil hatadan daha diisik olacak sekilde ortalama kuyrukta bekleme suresini
hesaplamistir. Saf dagilim yaklasiminin daha dogru sonug verdigi tek durum olan
1.durumda %bagil hata 0.25 olarak hesaplanirken, normal karma dagilim
yaklasimiyla elde edilen sonug %0.3’tur. Bu durum igin hesaplanan iki yaklagimin
%bagil hata farkinin ok diisilk olmasi, normal karma dagihm yaklasimi c?

testine gore anlamli olan veri setini basaril bir sekilde temsil ettigi gostermektedir.
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Islem siresinin tstel karma dagilim olarak incelendigi son uygulama olan

=m, /m, =3 kuyruk sisteminde, m, /m, =2.5 kuyruk sistemine benzer sonuglar

elde edilmistir. Bu uygulamada da 1.durum c? testi sonucunda gamma dagihimina

uymus ve gamma dagilimina gore ortalama kuyrukta bekleme siiresi teorik sonug
ile karsilastirildiginda %0.09 bagil hata, ayn: verilerin normal karma dagilimi
yaklagiminda ise teorik sonuca %0.12 bagil hata sapmasinda hesaplandig:
goralmistir. Bu durum digindaki diger 8 durumda da normal karma dagihm
yaklasiminin %0.5’ten daha dusiik bagil hatalarla ortalama kuyrukta bekleme

stiresini hesapladigi ve Mann-Whitney U testi sonucunda p degeri 0.95-0.99

araliginda olan ampirik dagilimlardan daha Gstun oldugu géralmastr.

Sonug olarak iki normal dagilimdan ya da iki Ustel dagilimdan olusan veri
setleri, normal dagilim gruplarina béliinerek temsil edilebilir ve bu sekilde kuyruk
teorisinde kullanilarak kuyrukta ortalama bekleme siireleri hesaplanabilir. Ozellikle
Ustel dagihmlardan olusan bir veri setinde ampirik dagilim yaklasimina gore ¢ok
daha iyi sonuc¢ verdigi gorulen normal karma dagihm yaklasimi, Uretim
sistemlerinde olusan mevsimselliklerin, ayn1 isi yapan farkli niteliklerdeki isgilerin
ya da makinelerin temsil edilmesinde ya da ampirik dagilim olusturulmas: gereken

veri setlerinde rahatlikla kullanilabilir.
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N(6, 2) + N(9, 2) karma dagilimu igin olusturulan ampirik dagilimlar

N(6,2)%10+N(9,2)%90
CONT(0.0005,0.5598286,0.0011,1.209539,0.0017,1.534394,0.0022,1.85925,0.003
3,2.184105,0.0052,2.50896,0.0076,2.833815,0.0103,3.158671,0.0145,3.483526,0.0
202,3.808381,0.0281,4.133236,0.0347,4.458092,0.046,4.782947,0.058,5.107802,0.
0746,5.432657,0.096,5.757513,0.1213,6.082368,0.1502,6.407223,0.1858,6.732078
0.224,7.056934,0.2693,7.381789,0.3164,7.706644,0.3707,8.031499,0.4306,8.3563
55,0.4851,8.68121,0.5387,9.006065,0.6018,9.33092,0.6581,9.655775,0.713,9.9806
31,0.7631,10.30549,0.8072,10.63034,0.846,10.9552,0.8844,11.28005,0.9141,11.60
491,0.9362,11.92976,0.9534,12.25462,0.9656,12.57947,0.9744,12.90433,0.9833,1
3.22918,0.9883,13.55404,0.9928,13.87889,0.9954,14.20375,0.9972,14.5286,0.998
5,14.85346,0.999,15.17831,0.9995,15.50317,0.9999,15.82803,1,16.47774)

N(6,2)%620+N(9,2)%680
CONT(0.0001,0.097389,0.0007,0.5794233,0.0011,0.9178294,0.0024,1.256236,0.0
034,1.594642,0.0051,1.933048,0.007,2.271454,0.0104,2.60986,0.0146,2.948266,0.
0206,3.286672,0.0291,3.625078,0.0376,3.963485,0.0497,4.30189,0.0639,4.640297
0.0815,4.978703,0.1028,5.317109,0.1278,5.655515,0.1574,5.993921,0.1905,6.332
327,0.23,6.670734,0.2724,7.00914,0.3206,7.347546,0.3704,7.685952,0.4241,8.024
358,0.4843,8.362764,0.5372,8.70117,0.5924,9.039576,0.6489,9.377982,0.7037,9.7
16389,0.7543,10.05479,0.8009,10.3932,0.8416,10.73161,0.8777,11.07001,0.9098,
11.40842,0.9337,11.74683,0.9518,12.08523,0.9648,12.42364,0.9743,12.76204,0.9
826,13.10045,0.9889,13.43886,0.9929,13.77726,0.9955,14.11567,0.9974, 14.45407
0.9988,14.79248,0.9991,15.13089,0.9995,15.46929,0.9999,15.8077,1,16.48451)
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N(6,2)%30+N(9,2)%70
CONT(0.0001,0.097389,0.0002,0.2410172,0.0008,0.5794233,0.0013,0.9178294,0.
0027,1.256236,0.0042,1.594642,0.0065,1.933048,0.0093,2.271454,0.0137,2.60986
0.0203,2.948266,0.029,3.286672,0.0403,3.625078,0.0521,3.963485,0.0687,4.3018
91,0.0871,4.640297,0.1099,4.978703,0.1384,5.317109,0.1673,5.655515,0.1988,5.9
93921,0.2376,6.332327,0.2801,6.670734,0.3251,7.00914,0.3741,7.347546,0.424,7.
685952,0.476,8.024358,0.533,8.362764,0.5838,8.70117,0.6363,9.039576,0.6871,9.
377982,0.7363,9.716389,0.7821,10.05479,0.8238,10.3932,0.8601,10.73161,0.893,
11.07001,0.9216,11.40842,0.9426,11.74683,0.9584,12.08523,0.9702,12.42364,0.9
782,12.76204,0.9856,13.10045,0.9906,13.43886,0.9939,13.77726,0.9962,14.11567
0.9979,14.45407,0.9992,14.79248,0.9994,15.13089,0.9997,15.46929,0.9999,15.80
77,1,16.48451)

N(6,2)%40+N(9,2)%660
CONT(0.0001,0.927585,0.0002,0.1389855,0.0007,0.4945091,0.0018,0.8500326,0.
0035,1.205556,0.0057,1.561080,0.0087,1.916603,0.0123,2.272127,0.0188,2.62765
1,0.0401,3.338698,0.0554,3.694221,0.0712,4.049745,0.0939,4.405268,0.1215,4.76
0792,0.1498,5.116316,0.1853,5.471839,0.2239,5.827363,0.2645,6.182886,0.3098,
6.538410,0.3606,6.893933,0.4106,7.249457,0.4649,7.604981,0.5179,7.960504,0.5
772,8.316028,0.6279,8.671551,0.6777,9.027075,0.7264,9.382598,0.7705,9.738122
0.8113,10.09365,0.8503,10.44917,0.884,10.80469,0.9132,11.16022,0.9389,11.515
74,0.9558,11.87126,0.9691,12.22679,0.9781,12.58231,0.9846,12.93783,0.9908,13.
29336,0.9939,13.64888,0.9963,14.0044,0.9976,14.35993,0.9991,14.71545,0.9996,
15.07098,0.9998,15.4265,0.9999,15.78202,1,16.49307)
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N(6,2)%50+N(9,2)%50
CONT(0.0001,0.933566,0.0002,0.246444,0.0005,0.4406781,0.0018,0.7842392,0.0
036,1.1278,0.0059,1.471361,0.0097,1.814923,0.014,2.158484,0.0201,2.502045,0.0
295,2.845606,0.0425,3.189167,0.0591,3.532728,0.0772,3.876289,0.1002,4.21985,
0.1275,4.563412,0.1588,4.906973,0.1964,5.250534,0.2344,5.594095,0.276,5.9376
56,0.325,6.281217,0.3728,6.624778,0.4222,6.968339,0.4735,7.311901,0.5268,7.65
5462,0.5764,7.999023,0.6309,8.342584,0.6784,8.686145,0.7222,9.029706,0.7645,
9.373267,0.8029,9.716828,0.8382,10.06039,0.8702,10.40395,0.8985,10.74751,0.9
231,11.09107,0.9437,11.43463,0.9597,11.7782,0.9724,12.12176,0.9797,12.46532,
0.985,12.80888,0.9896,13.15244,0.9929,13.496,0.9957,13.83956,0.9975,14.18312,
0.9987,14.52668,0.9997,14.87025,0.9999,15.21381,1,15.90093)

N(6,2)%660+N(9,2)%640
CONT(0.0006,0.0971169,0.0009,0.4406781,0.0025,0.7842392,0.0048,1.1278,0.00
74,1.471361,0.0117,1.814923,0.0172,2.158484,0.0248,2.502045,0.0369,2.845606,
0.051,3.189167,0.0696,3.532728,0.0915,3.876289,0.1188,4.21985,0.15,4.563412,0
.1856,4.906973,0.2298,5.250534,0.2719,5.594095,0.3179,5.937656,0.37,6.281217,
0.4208,6.624778,0.4719,6.968339,0.5271,7.311901,0.5802,7.655462,0.6292,7.999
023,0.682,8.342584,0.7256,8.686145,0.7636,9.029706,0.8015,9.373267,0.8356,9.7
16828,0.8675,10.06039,0.8951,10.40395,0.9179,10.74751,0.9382,11.09107,0.9545
11.43463,0.9676,11.7782,0.9777,12.12176,0.9836,12.46532,0.9879,12.80888,0.99
15,13.15244,0.9943,13.496,0.9964,13.83956,0.9979,14.18312,0.9988,14.52668,0.9
997,14.87025,0.9999,15.21381,1,15.90093)

N(6,2)%70+N(9,2)%30

CONT(0.0007,0.0549836,0.001,0.3865066,0.0027,0.7180296,0.0042,1.049553,0.0
071,1.381076,0.0116,1.712599,0.0171,2.044122,0.0255,2.375645,0.0367,2.707168
,0.0515,3.038691,0.0697,3.370214,0.0945,3.701737,0.1207,4.03326,0.1534,4.3647

83,0.1885,4.696306,0.2298,5.027829,0.2767,5.359352,0.3224,5.690875,0.3716,6.0
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22398,0.4276,6.353921,0.4851,6.685444,0.5348,7.016967,0.5883,7.34849,0.6392,

7.680013,0.686,8.011536,0.7344,8.343059,0.7728,8.674582,0.8057,9.006105,0.83

83,9.337628,0.8658,9.669151,0.8915,10.00067,0.914,10.3322,0.9328,10.66372,0.9
474,10.99524,0.9615,11.32677,0.9723,11.65829,0.9803,11.98981,0.9863,12.32134
,0.9896,12.65286,0.9924,12.98438,0.9951,13.3159,0.9964,13.64743,0.9981,13.978
95,0.9987,14.31047,0.9994,14.642,0.9999,14.97352,1,15.30504)

N(6,2)%80+N(9,2)%20
CONT(0.0002,0.941366,0.0003,0.613403,0.0005,0.28544,0.0007,0.0425231,0.001
1,0.3704859,0.0029,0.6984488,0.0047,1.026412,0.0078,1.354375,0.0123,1.682337
,0.0185,2.0103,0.0269,2.338263,0.039,2.666266,0.0562,2.994189,0.0757,3.322152
,0.1019,3.650115,0.13,3.978078,0.1658,4.30604,0.2055,4.634003,0.2494,4.961966
0.3029,5.289929,0.3532,5.617892,0.402,5.945855,0.4622,6.273818,0.5178,6.6017
81,0.574,6.929743,0.6282,7.257706,0.6771,7.585669,0.7231,7.913632,0.7693,8.24
1595,0.8083,8.569558,0.8406,8.897521,0.868,9.225484,0.8921,9.553447,0.9128,9.
881409,0.9315,10.20937,0.9487,10.53734,0.9598,10.8653,0.9706,11.19326,0.9785
,11.52122,0.9841,11.84919,0.9889,12.17715,0.9918,12.50511,0.994,12.83308,0.99
56,13.16104,0.9969,13.489,0.998,13.81696,0.9989,14.14493,0.9996,14.47289,0.99
99,14.80085,1,15.12882)

N(6,2)%690+N(9,2)%10

CONT(0.0002,0.941366,0.0003,0.613403,0.0005,0.28544,0.0007,0.425231,0.0012
0.3704859,0.0031,0.6984488,0.0052,1.026412,0.009,1.354375,0.0138,1.682337,0.
0205,2.0103,0.0297,2.338263,0.0437,2.666226,0.0626,2.994189,0.0847,3.322152,
0.1134,3.650115,0.144,3.978078,0.1838,4.30604,0.2273,4.634003,0.2762,4.96 196
6,0.3345,5.289929,0.3891,5.617892,0.4436,5.945855,0.5076,6.273818,0.566,6.601
781,0.6248,6.929743,0.6804,7.257706,0.7291,7.585669,0.7743,7.913632,0.8188,8.
241505,0.8553,8.569558,0.885,8.897521,0.9076,9.225484,0.9274,9.553447,0.9421

,9.881409,0.9558,10.20937,0.9677,10.53734,0.9759,10.8653,0.983,11.19326,0.987
157



9,11.52122,0.991,11.84919,0.9939,12.17715,0.9959,12.50511,0.9974,12.83308,0.9
979,13.16104,0.9983,13.489,0.9987,13.81696,0.9993,14.14493,0.9996,14.47289,0.
9999,14.80085,1,15.12882)
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EK2:

_N(6, 2) + N(10, 2) karma dagilim igin olusturulan ampirik dagilimlar

N(6,2)%10+N(10,2)%90
CONT(0.0005,0.5700327,0.0013,1.26056,0.0017,1.605823,0.0023,1.951086,0.003
7,2.296350,0.0056,2.641613,0.0084,2.986877,0.013,3.33214,0.016,3.677403,0.020
2,4.022667,0.0249,4.36793,0.0321,4.713194,0.0402,5.058457,0.0502,5.40372,0.06
23,5.748984,0.0754,6.094247,0.0933,6.439511,0.1169,6.784774,0.1431,7.130037,
0.1752,7.475301,0.2098,7.820564,0.2527,8.165828,0.2987,8.511091,0.3493,8.856
355,0.4103,9.201618,0.4684,9.546881,0.5241,9.892145,0.5878,10.23741,0.6474,1
0.58267,0.7054,10.92793,0.7597,11.2732,0.8068,11.61846,0.8477,11.96373,0.888
3,12.30899,0.9181,12.65425,0.9406,12.99952,0.9563,13.34478,0.9689,13.69004,0.
9788,14.0353,0.986,14.38057,0.9914,14.72583,0.9947,15.0711,0.9966,15.41636,0.
9985,15.76162,0.9989,16.10689,0.9995,16.45215,0.9999,16.79741,1,17.48794)

N(6,2)%20+N(10,2)%80
CONT(0.0009,0.6304437,0.0014,0.989258,0.0027,1.348072,0.0037,1.706887,0.00
53,2.065701,0.0083,2.424515,0.0122,2.783329,0.0172,3.142144,0.0237,3.5,0.0316
,3.859772,0.0411,4.218587,0.0522,4.577401,0.0659,4.936215,0.0828,5.295029,0.1
009,5.653844,0.1204,6.012658,0.1439,6.371472,0.1713,6.730287,0.2045,7.089101
0.2396,7.447915,0.2776,7.806729,0.322,8.165544,0.3683,8.524358,0.4181,8.8831
72,0.4803,9.241987,0.5334,9.600801,0.5845,9.959615,0.6467,10.31843,0.7003, 10.
67724,0.7547,11.03606,0.8036,11.39487,0.8454,11.75369,0.8833,12.1125,0.9154,
12.47132,0.9393,12.83013,0.9565,13.18894,0.9682,13.54776,0.978,13.90657,0.98
63,14.26539,0.9912,14.6242,0.9949,14.98302,0.9966,15.34183,0.9983,15.70064,0.
9991,16.05946,0.9994,16.41827,0.9998,16.77709,0.9999,17.1359,1,17.49472)
N(6,2)%30+N(10,2)%70
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CONT(0.0002,0.2716294,0.001,0.6304437,0.0017,0.989258,0.0032,1.348072,0.00
47,1.706887,0.0068,2.065701,0.011,2.424515,0.0162,2.783329,0.0243,3.142144,0.
0339,3.5,0.0452,3.859772,0.0591,4.218587,0.0756,4.577401,0.0953,4.936215,0.11
98,5.295029,0.1432,5.653844,0.1675,6.012658,0.198,6.371472,0.2299,6.730287,0.
266,7.089101,0.3048,7.447915,0.3451,7.806729,0.3893,8.165544,0.4351,8.524358
,0.4832,8.883172,0.5387,9.241987,0.5866,9.600801,0.6329,9.959615,0.6883,10.31
843,0.7367,10.67724,0.7843,11.03606,0.8276,11.39487,0.8645,11.75369,0.8985,1
2.1125,0.927,12.47132,0.9474,12.83013,0.9628,13.18894,0.9729,13.54776,0.9815,
13.90657,0.9887,14.26539,0.9925,14.6242,0.9957,14.98302,0.9971,15.34183,0.99
87,15.70064,0.9994,16.05946,0.9996,16.41827,0.9998,16.77709,0.9999,17.1359,1,
17.49472)

N(6,2)%40+N(10,2)%60
CONT(0.0004,0.2104141,0.0011,0.5863458,0.0022,0.9622775,0.0043,1.338209,0.
0066,1.714141,0.0095,2.090073,0.0151,2.466004,0.0233,2.841936,0.0349,3.21786
8,0.0488,3.5938,0.0644,3.969731,0.0855,4.345663,0.1109,4.721595,0.1374,5.0975
27,0.1689,5.473458,0.202,5.84939,0.2352,6.225322,0.2729,6.601254,0.3158,6.977
185,0.3603,7.353117,0.4042,7.729049,0.448,8.104981,0.4947,8.480912,0.5428,3.8
56844,0.5959,9.232776,0.642,9.608707,0.6863,9.984639,0.7354,10.36057,0.7792,
10.7365,0.8198,11.11243,0.8594,11.48837,0.8925,11.8643,0.9221,12.24023,0.945
1,12.61616,0.9603,12.99209,0.9726,13.36802,0.9811,13.74396,0.9879,14.11989,0.
9922,14.49582,0.9954,14.87175,0.9971,15.24768,0.9987,15.62362,0.9996,15.9995
5,0.9998,16.37548,0.9999,16.75141,1,17.50327)

N(6,2)%50+N(10,2)%50

CONT(0.0002,0.1685455,0.0009,0.5325148,0.002,0.89644841,0.004,1.260453,0.0
073,1.624423,0.0119,1.988392,0.0171,2.352361,0.0255,2.71633,0.0383,3.0803,0.0
544,3.444269,0.0726,3.808238,0.0936,4.172208,0.1198,4.536177,0.1494,4.900146

,0.1865,5.264115,0.2232,5.628085,0.2596,5.992054,0.3026,6.356023,0.3448,6.719
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993,0.3894,7.083962,0.435,7.447931,0.4808,7.8119,0.5252,8.17587,0.5702,8.5398
39,0.6125,8.903808,0.659,9.267778,0.6988,9.631747,0.7356,9.995716,0.7778,10.3
5969,0.8146,10.72365,0.8483,11.08762,0.8796,11.45159,0.9082,11.81556,0.9318,

12.17953,0.9511,12.5435,0.9651,12.90747,0.9761,13.27144,0.9827,13.63541,0.98

77,13.99938,0.9919,14.36335,0.9951,14.72732,0.997,15.09129,0.9986,15.45526,0.
9997,15.81922,0.9999,16.18319,1,16.91113)

N(6,2)%60+N(10,2)%40
CONT(0.0006,0.1685455,0.0014,0.5325148,0.0028,0.8964841,0.0055,1.260453,0.
0089,1.624423,0.0144,1.988392,0.0212,2.352361,0.0318,2.71633,0.0464,3.0803,0.
0646,3.444269,0.0857,3.808238,0.1117,4.172208,0.1429,4.536177,0.1785,4.90014
6,0.2235,5.264115,0.2638,5.628085,0.306,5.992054,0.3549,6.356023,0.4022,6.719
993,0.4507,7.083962,0.499,7.447931,0.5457,7.8119,0.5916,8.17587,0.6368,8.5398
39,0.6766,8.903808,0.717,9.267778,0.7527,9.631747,0.7835,9.995716,0.8193,10.3
5969,0.8501,10.72365,0.8783,11.08762,0.9047,11.45159,0.9272,11.81556,0.9459,
12.17953,0.9608,12.5435,0.9718,12.90747,0.9809,13.27144,0.9862,13.63541,0.99,
13.99938,0.9934,14.36335,0.996,14.72732,0.9972,15.09129,0.9987,15.45526,0.99
97,15.81922,0.9999,16.18319,1,16.91113)

N(6,2)%70+N(10,2)%30
CONT(0.0007,0.1264121,0.0015,0.4783433,0.003,0.8302745,0.0056,1.182206,0.0
093,1.534137,0.0149,1.886068,0.0216,2.237999,0.0315,2.58993,0.0469,2.941862,
0.0651,3.293793,0.0893,3.645724,0.1158,3.997655,0.1494,4.349586,0.1856,4.701
518,0.2279,5.053449,0.2751,5.40538,0.3219,5.757311,0.3695,6.109242,0.4236,6.4
61173,0.4749,6.813105,0.5256,7.165036,0.5763,7.516967,0.621,7.868898,0.6657,
8.220829,0.7067,8.572761,0.7426,8.924692,0.778,9.276623,0.8062,9.628554,0.83
18,9.980485,0.8595,10.33242,0.8832,10.68435,0.905,11.03628,0.9245,11.38821,0.
9413,11.74014,0.9553,12.09207,0.9675,12.444,0.9768,12.79593,0.9845,13.14787,
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0.9884,13.4998,0.9913,13.85173,0.9941,14.20366,0.9957,14.55559,0.9976,14.907
52,0.9986,15.25945,0.9993,15.61138,0.9998,15.96332,1,16.31525)

N(6,2)%80+N(10,2)%20
CONT(0.0014,0.4623227,0.0031,0.8106937,0.0063,1.159065,0.0096,1.507436,0.0
16,1.855807,0.0231,2.204178,0.0335,2.552549,0.0513,2.90092,0.0703,3.249291,0.
0953,3.597662,0.1256,3.946033,0.1622,4.294404,0.2036,4.642775,0.2494,4.99114
6,0.3059,5.339517,0.3559,5.68788,0.4088,6.036259,0.4663,6.38463,0.5236,6.7330
01,0.5779,7.081372,0.6297,7.429743,0.6788,7.778115,0.7221,8.126486,0.7622,8.4
74857,0.7975,8.823228,0.8269,9.171599,0.8517,9.51997,0.8734,9.868341,0.8944,
10.21671,0.9138,10.56508,0.9309,10.91345,0.9452,11.26182,0.958,11.6102,0.967
2,11.95857,0.976,12.30694,0.9824,12.65531,0.9874,13.00368,0.9909,13.35205,0.9
937,13.70042,0.9954,14.04879,0.9967,14.39716,0.9979,14.74554,0.9988,15.09391
,0.9995,15.44228,0.9999,15.79065,1,16.13902)

N(6,2)%690+N(10,2)%10
CONT(0.0007,0.1139516,0.0015,0.4623227,0.0034,0.8106937,0.0073,1.159065,0.
011,1.507436,0.0177,1.855807,0.0256,2.204178,0.0377,2.552549,0.0571,2.90092,
0.0785,3.249291,0.1068,3.597662,0.1401,3.946033,0.1811,4.294404,0.227,4.6427
75,0.2784,4.991146,0.3405,5.339517,0.3963,5.687888,0.4548,6.036259,0.5184,6.3
8463,0.5808,6.733001,0.6384,7.081372,0.6932,7.429743,0.7439,7.778115,0.7883,
8.126486,0.8281,8.474857,0.8612,8.823228,0.8868,9.171599,0.906,9.51997,0.922
8,9.868341,0.9382,10.21671,0.9517,10.56508,0.9621,10.91345,0.9698,11.26182,0.
9778,11.6102,0.9829,11.95857,0.9874,12.30694,0.991,12.65531,0.9934,13.00368,
0.9955,13.35205,0.9973,13.70042,0.998,14.04879,0.9982,14.39716,0.9987,14.745
54,0.9992,15.09391,0.9996,15.44228,0.9999,15.79065,1,16.13902)
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N(5, 2) + N(10, 2) karma dagilim igin olusturulan ampirik dagilimlar

N(5,2)%10+N(10,2)%90
CONT(0.0013,0.3115799,0.0018,0.6772515,0.0024,1.042923,0.0045,1.408595,0.0
067,1.774266,0.0095,2.139938,0.0127,2.505609,0.0171,2.871281,0.0228,3.236953
,0.0268,3.602624,0.0336,3.968296,0.041,4.333967,0.0495,4.699639,0.0586,5.0653
1,0.0694,5.430982,0.0839,5.796654,0.0973,6.162325,0.1164,6.527997,0.1397,6.89
3668,0.1679,7.25934,0.2007,7.625011,0.2384,7.990683,0.2848,8.356355,0.3346,8.
722026,0.3919,9.087698,0.4544,9.453369,0.5166,9.819041,0.5805,10.18471,0.643
5,10.55038,0.7046,10.91606,0.7614,11.28173,0.8111,11.6474,0.8557,12.01307,0.8
943,12.37874,0.9244,12.74441,0.946,13.11008,0.9611,13.47576,0.9726,13.84143,
0.9825,14.2071,0.9884,14.57277,0.9934,14.93844,0.9959,15.30411,0.9979,15.669
79,0.9989,16.03546,0.9993,16.40113,0.9998,16.7668,0.9999,17.13247,1,17.4981)

N(5,2)%20+N(10,2)%80
CONT(0.0017,0.0606866,0.0028,0.439909,0.0042,0.8191315,0.0062,1.198354,0.0
097,1.577576,0.014,1.956799,0.0208,2.336021,0.0289,2.715244,0.0368,3.094466,
0.0466,3.473689,0.06,3.852911,0.074,4.232134,0.0897,4.611356,0.1059,4.990578,
0.1237,5.369801,0.1431,5.749023,0.1653,6.128246,0.1899,6.507468,0.2168,6.886
691,0.2479,7.265913,0.2832,7.645136,0.3215,8.024358,0.3647,8.40358,0.4136,3.7
82803,0.471,9.162025,0.5285,9.541248,0.5833,9.92047,0.6461,10.29969,0.7031,1
0.67892,0.7592,11.05814,0.8088,11.43736,0.8531,11.81658,0.8907,12.1958,0.923
2,12.57503,0.9452,12.95425,0.9617,13.33347,0.9738,13.71269,0.9825,14.09192,0.
9893,14.47114,0.9937,14.85036,0.996,15.22958,0.9978,15.60881,0.999,15.98803,
0.9994,16.36725,0.9997,16.74647,0.9999,17.1257,1,17.50492)
N(5,2)%30+N(10,2)%70
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CONT(0.002,0.0606866,0.0034,0.439909,0.0054,0.8191315,0.0081,1.198354,0.01
29,1.577576,0.0198,1.956799,0.0295,2.336021,0.0411,2.715244,0.0528,3.094466,
0.0684,3.473689,0.0881,3.852911,0.1099,4.232134,0.1325,4.611356,0.1533,4.990
578,0.1797,5.369801,0.2049,5.749023,0.2325,6.128246,0.2618,6.507468,0.2922,6.
886691,0.3256,7.265913,0.3625,7.645136,0.4004,8.024358,0.4399,8.40358,0.4844
,8.782803,0.5348,9.162025,0.5851,9.541248,0.6342,9.92047,0.6894,10.29969,0.73
98,10.67892,0.7891,11.05814,0.8326,11.43736,0.8715,11.81658,0.9055,12.1958,0.
9339,12.57503,0.9524,12.95425,0.9675,13.33347,0.9777,13.71269,0.9855,14.0919
2,0.9908,14.47114,0.9946,14.85036,0.9966,15.22958,0.9983,15.60881,0.9994,15.9
8803,0.9996,16.36725,0.9998,16.74647,0.9999,17.1257,1,17.50492)

N(5,2)%40+N(10,2)%60
CONT(0.0028,0.0745224,0.0051,0.4708623,0.0083,0.8672022,0.0117,1.263542,0.
0188,1.659882,0.0298,2.056222,0.0429,2.452562,0.0583,2.848902,0.0787,3.24524
2,0.1034,3.641582,0.1295,4.037921,0.1604,4.434261,0.191,4.830601,0.2222,5.226
941,0.2561,5.623281,0.2925,6.019621,0.3267,6.415961,0.3625,6.812301,0.3989,7.
208641,0.4367,7.604981,0.4733,8.00132,0.5132,8.39766,0.555,8.794,0.6013,9.190
34,0.6481,9.58668,0.6936,9.98302,0.7419,10.37936,0.7881,10.7757,0.829,11.1720
4,0.8684,11.56838,0.9001,11.96472,0.9306,12.36106,0.951,12.7574,0.9671,13.513
74,0.9766,13.55008,0.9847,13.94642,0.991,14.34276,0.9946,14.7391,0.9968,15.13
544,0.9984,15.53178,0.9995,15.92812,0.9998,16.32446,0.9999,17.11714,1,17.513
48)

N(5,2)%50+N(10,2)%50

CONT(0.0027,0.008729,0.0049,0.3931064,0.0093,0.7774839,0.014,1.161861,0.02
04,1.546239,0.0323,1.930616,0.0483,2.314994,0.0676,2.699371,0.0875,3.083749,
0.1131,3.468126,0.1441,3.852503,0.18,4.236881,0.2167,4.621258,0.2518,5.00563
6,0.2927,5.390013,0.3335,5.774391,0.3707,6.158768,0.4098,6.543146,0.4477,6.92

7523,0.4877,7.3119,0.5246,7.696278,0.5583,8.080655,0.5926,8.465033,0.6288,8.8
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4941,0.67,9.233788,0.7088,9.618165,0.7454,10.00254,0.7855,10.38692,0.8239, 10.
7713,0.8565,11.15567,0.8889,11.54005,0.9153,11.92443,0.9393,12.30881,0.9569,
12.69318,0.971,13.07756,0.9798,13.46194,0.9853,13.84632,0.9906,14.23069,0.99
39,14.61507,0.9967,14.99945,0.998,15.38383,0.9997,15.7682,0.9999,16.15258,1,1
6.92134)

N(5,2)%60+N(10,2)%40
CONT(0.0036,0.008729,0.0064,0.3931064,0.011,0.7774839,0.0172,1.161861,0.02
52,1.546239,0.0397,1.930616,0.0576,2.314994,0.0799,2.699371,0.1044,3.083947,
0.1354,3.468126,0.1723,3.852503,0.2164,4.236881,0.2587,4.621258,0.301,5.0056
36,0.3492,5.390013,0.3952,5.774391,0.438,6.158768,0.4829,6.543146,0.5237,6.92
7523,0.5658,7.3119,0.6017,7.696278,0.6329,8.080655,0.6651,8.465033,0.698,8.84
941,0.7335,9.233788,0.766,9.618165,0.7947,10.00254,0.8271,10.38692,0.8584, 10.
7713,0.8855,11.15567,0.9126,11.54005,0.9328,11.92443,0.9516,12.30881,0.9655,
12.69318,0.9767,13.07756,0.9838,13.46194,0.9882,13.84632,0.9925,14.23069,0.9
949,14.61507,0.9972,14.99945,0.9983,15.38383,0.9997,15.7682,0.9999,16.15258,
1,16.92134)

N(5,2)%70+N(10,2)%30
CONT(0.0067,0.3148588,0.0112,0.6871981,0.0174,1.059537,0.0268,1.431877,0.0
407,1.804216,0.0585,2.176555,0.0806,2.548895,0.1092,2.921234,0.1432,3.293574
0.1808,3.665913,0.2245,4.038252,0.273,4.410592,0.3222,4.782931,0.3719,5.1552
7,0.4254,5.52761,0.4762,5.899949,0.5246,6.272288,0.5687,6.644628,0.6116,7.016
967,0.6512,7.389306,0.6858,7.761646,0.7154,8.133985,0.7421,8.506324,0.769,8.8
78664,0.7986,9.251003,0.8232,9.623342,0.8452,9.995682,0.8697,10.36802,0.892,
10.74036,0.9122,11.1127,0.9312,11.48504,0.9468,11.85738,0.9603,12.22972,0.97
28,12.60206,0.9803,12.9744,0.9867,13.34674,0.9904,13.71908,0.9935,14.09141,0.
9954,14.46375,0.9973,14.83609,0.9985,15.20843,0.9993,15.58077,0.9998,15.9531

1,1,16.32545)
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N(5,2)%80+N(10,2)%20
CONT(0.0073,0.2917178,0.0117,0.660497,0.0186,1.029276,0.0288,1.398055,0.04
39,1.766835,0.064,2.135614,0.0874,2.504393,0.1187,2.873172,0.156,3.241951,0.1
994,3.610731,0.2463,3.97951,0.3047,4.348289,0.3576,4.717068,0.4129,5.085847,
0.4727,5.454627,0.5315,5.823406,0.583,6.192185,0.6347,6.560964,0.6 781,6.9297
43,0.7216,7.298523,0.7573,7.667302,0.785,8.036081,0.8086,3.40486,0.8319,8.773
64,0.8533,9.142419,0.8733,9.511198,0.8911,9.879977,0.907,10.24876,0.9233,10.6
1754,0.9381,10.98631,0.9518,11.35509,0.9624,11.72387,0.9721,12.09265,0.9797,
12.46143,0.9852,12.83021,0.9899,13.19899,0.9926,13.56777,0.9949,13.93655,0.9
965,14.30533,0.9975,14.67411,0.9987,15.04289,0.9993,15.41167,0.9999,15.78044
1,16.14922)

N(5,2)%690+N(10,2)%10
CONT(0.0084,0.2917178,0.0132,0.660497,0.0206,1.029276,0.032,1.398055,0.049
,1.766835,0.0711,2.135614,0.0985,2.504393,0.1323,2.873172,0.1742,3.241951,0.2
229,3.610731,0.2759,3.97951,0.3405,4.348289,0.3999,4.717068,0.4617,5.085847,
0.5284,5.454627,0.5923,5.823406,0.6495,6.192185,0.7059,6.560964,0.7521,6.929
743,0.7981,7.298523,0.8348,7.667302,0.862,8.036081,0.8824,8.40486,0.901,8.773
64,0.9173,9.142419,0.9309,9.511198,0.9426,9.879977,0.9515,10.24876,0.9616, 10.
61754,0.9683,10.98631,0.9756,11.35509,0.9809,11.72387,0.9864,12.09265,0.9902
12.46143,0.9925,12.83021,0.995,13.19899,0.9967,13.56777,0.9977,13.93655,0.99
81,14.30533,0.9985,14.67411,0.9991,15.04289,0.9994,15.41167,0.9999,15.78044,
1,16.14922)
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EK4:

N(6, 2) + N(12, 2) karma dagilimz i¢in olusturulan ampirik dagilimlar

N(6,2)%10+N(12,2)%90
CONT(0.0005,0.5904409,0.0006,0.9765026,0.0014,1.3626,0.0018,1.74868,0.0025
2.13476,0.0049,2.52084,0.0074,2.906919,0.011,3.292999,0.0155,3.679079,0.0203
,4.065158,0.0244,4.451238,0.0306,4.837318,0.038,5.223398,0.045,5.609477,0.052
2,5.995557,0.06,6.381637,0.0704,6.767717,0.08,7.153796,0.0912,7.539876,0.1028
7.925956,0.1173,8.312036,0.1372,8.698115,0.1625,9.084195,0.1926,9.470275,0.2
28,9.856355,0.2723,10.24243,0.3229,10.62851,0.3816,11.01459,0.4477,11.40067,
0.5118,11.78675,0.5785,12.17283,0.6455,12.55891,0.7091,12.94499,0.7687,13.33
107,0.8205,13.71715,0.8649,14.10323,0.9054,14.48931,0.9336,14.87539,0.9536,1
5.26147,0.9675,15.64755,0.9788,16.03363,0.9868,16.41971,0.9918,16.80579,0.99
54,17.19187,0.9973,17.57795,0.9986,17.96403,0.9993,18.35011,0.9997,18.73619,
0.9999,19.12227,1,19.50835)

N(6,2)%20+N(12,2)%80
CONT(0.0001,0.066777,0.0009,0.7324845,0.002,1.132115,0.0034,1.531746,0.004
9,1.931376,0.0073,2.331007,0.0114,2.730638,0.0168,3.130268,0.0238,3.529899,0.
0326,3.929529,0.0432,4.32916,0.0557,4.728791,0.0696,5.128421,0.0844,5.528052
0.1001,5.927682,0.1147,6.327313,0.1325,6.726944,0.1504,7.126574,0.1684,7.526
205,0.1845,7.925836,0.2038,8.325466,0.2253,8.725097,0.253,9.124727,0.2813,9.5
24358,0.3183,9.923989,0.3621,10.32362,0.4104,10.72325,0.468,11.12288,0.5285,
11.52251,0.585,11.92214,0.6503,12.32177,0.711,12.7214,0.7667,13.12103,0.8203,
13.52066,0.8634,13.92029,0.9035,14.31993,0.9324,14.71956,0.9537,15.11919,0.9
676,15.51882,0.9782,15.91845,0.9872,16.31808,0.9924,16.71771,0.9955,17.11734
0.9975,17.51697,0.9989,17.9166,0.9994,18.31623,0.9996,18.71586,1,19.51512)

N(6,2)%30+N(12,2)%70
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CONT(0.0001,0.06677,0.0002,0.3328539,0.0011,0.7324845,0.0023,1.132115,0.00
42,1.531746,0.0063,1.931376,0.0099,2.331007,0.015,2.730638,0.0239,3.130268,0.
0342,3.529899,0.0474,3.929529,0.0633,4.32916,0.0818,4.728791,0.1027,5.128421
,0.1256,5.528052,0.1475,5.927682,0.1704,6.327313,0.1954,6.726944,0.2188,7.126
574,0.243,7.526205,0.2643,7.925836,0.2885,8.325466,0.3124,8.725097,0.3402,9.1
24727,0.3676,9.524358,0.4016,9.923989,0.4412,10.32362,0.484,10.72325,0.5339,
11.12288,0.5863,11.52251,0.6365,11.92214,0.6933,12.32177,0.7468,12.7214,0.79
55,13.12103,0.8425,13.52066,0.8808,13.92029,0.9167,14.31993,0.9415,14.71956,
0.9602,15.11919,0.9723,15.51882,0.9817,15.91845,0.9894,16.31808,0.9935,16.71
771,0.9962,17.11734,0.998,17.51697,0.9993,17.9166,0.9996,18.31623,0.9997,18.7
1586,0.9999,19.11549,1,19.51512)

N(6,2)%40+N(12,2)%60
CONT(0.0001,0.896973,0.0002,0.063477,0.0004,0.3532712,0.0016,0.7700193,0.0
035,1.186767,0.0057,1.603515,0.0092,2.020263,0.0148,2.437012,0.0237,2.85376,
0.0368,3.270508,0.0529,3.687256,0.07,4.104004,0.094,4.520752,0.1219,4.9375,0.
1533,5.354248,0.184,5.770996,0.215,6.18774,0.2477,6.604492,0.2813,7.02124,0.3
119,7.437988,0.3424,7.844736,0.3692,8.271484,0.3962,8.688232,0.4251,9.104981
0.4526,9.521729,0.4833,9.938477,0.5213,10.35522,0.5613,10.77197,0.6073,11.18
872,0.6548,11.60547,0.7010,12.02222,0.7507,12.43896,0.7978,12.85571,0.8408,1
3.27246,0.8796,13.68921,0.9114,14.10596,0.9405,14.52271,0.9583,14.93945,0.97
22,15.3562,0.9813,15.77295,0.9886,16.1897,0.9933,16.60645,0.9963,17.02319,0.9
982,17.43994,0.9995,17.85669,0.9998,18.27344,0.9999,19.10693,1,19.52368)

N(6,2)%50+N(12,2)%50

CONT(0.0002,0.093383,0.0004,0.3114026,0.0016,0.7161883,0.0036,1.120974,0.0
066,1.525759,0.0114,1.930545,0.0169,2.335331,0.0263,2.740116,0.0408,3.144902
,0.0588,3.549688,0.0796,3.954473,0.1068,4.359259,0.1378,4.764044,0.1728,5.168

83,0.2105,5.573616,0.2472,5.978401,0.2877,6.383187,0.327,6.787972,0.3631,7.19
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2758,0.3998,7.597544,0.4329,8.002329,0.4622,8.407115,0.4896,8.8119,0.5184,9.2
16686,0.5451,9.621472,0.5723,10.02626,0.6031,10.43104,0.6381,10.83583,0.6776
,11.24061,0.7171,11.6454,0.7547,12.05019,0.7938,12.45497,0.8332,12.85976,0.86
68,13.26454,0.899,13.66933,0.9255,14.07411,0.9478,14.4789,0.9641,14.88368,0.9
765,15.28847,0.9835,15.69326,0.9889,16.09804,0.9929,16.50283,0.9962,16.90761
,0.9978,17.3124,0.9993,17.71718,0.9998,18.12197,0.9999,18.52676,1,18.93154)

N(6,2)%60+N(12,2)%40
CONT(0.0006,0.093383,0.0008,0.3114026,0.0023,0.7161883,0.0048,1.120974,0.0
081,1.525759,0.0138,1.930545,0.0209,2.335331,0.0326,2.740116,0.0491,3.144902
,0.0696,3.549688,0.0951,3.954473,0.128,4.359259,0.1646,4.764044,0.208,5.16883
0.2519,5.573616,0.2962,5.978401,0.3444,6.383187,0.3908,6.787972,0.4346,7.192
758,0.4768,7.597544,0.5131,8.002329,0.5477,8.407115,0.5761,8.8119,0.6036,9.21
6686,0.6281,9.621472,0.653,10.02626,0.6803,10.43104,0.7099,10.83583,0.7412,1
1.24061,0.7737,11.6454,0.803,12.05019,0.8342,12.45497,0.8662,12.85976,0.8945,
13.26454,0.9203,13.66933,0.9411,14.07411,0.9583,14.4789,0.9711,14.88368,0.98
13,15.28847,0.9868,15.69326,0.991,16.09804,0.9943,16.50283,0.9967,16.90761,0.
9981,17.3124,0.9994,17.71718,0.9998,18.12197,0.9999,18.52676,1,18.98154)

N(6,2)%70+N(12,2)%30

CONT(0.0009,0.2692693,0.0027,0.6620168,0.0043,1.054764,0.0078,1.447512,0.0
142,1.840259,0.0215,2.233007,0.0331,2.625754,0.0503,3.018502,0.0718,3.411249
0.1,3.803997,0.133,4.196744,0.1716,4.589492,0.217,4.982239,0.2681,5.374987,0.
3185,5.767734,0.3701,6.160482,0.4251,6.553229,0.4764,6.945977,0.5263,7.33872
4,0.5678,7.731472,0.6065,8.124219,0.6424,8.516967,0.6701,8.909715,0.6953,9.30
2462,0.7179,9.69521,0.7376,10.08796,0.7594,10.4807,0.783,10.87345,0.8081,11.2
662,0.8315,11.65895,0.8533,12.05169,0.8761,12.44444,0.8994,12.83719,0.9187,1
3.22994,0.9373,13.62268,0.9529,14.01543,0.9673,14.40818,0.9769,14.80093,0.98
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51,15.19367,0.9893,15.58642,0.9924,15.97917,0.9952,16.37192,0.997,16.76466,0.
9984,17.15741,0.9992,17.55016,0.9998,17.94291,1,18.33565)

N(6,2)%80+N(12,2)%20
CONT(0.0009,0.2568088,0.0028,0.6459962,0.0047,1.035184,0.0082,1.424371,0.0
15,1.813558,0.0231,2.202746,0.0352,2.591933,0.0555,2.98112,0.0785,3.370308,0.
1089,3.759495,0.1457,4.148682,0.1894,4.53787,0.2386,4.927057,0.2998,5.316245
0.3543,5.705432,0.4129,6.094619,0.4748,6.483807,0.5356,6.872994,0.5905,7.262
181,0.6389,7.651369,0.6815,8.040556,0.72,8.429743,0.7512,8.818931,0.7752,9.20
8118,0.7963,9.597306,0.8135,9.986493,0.8323,10.37568,0.8496,10.76487,0.8659,
11.15406,0.8818,11.54324,0.8984,11.93243,0.9131,12.32162,0.9285,12.7108,0.94
33,13.09999,0.9569,13.48918,0.9663,13.87837,0.9759,14.26755,0.9829,14.65674,
0.9883,15.04593,0.9917,15.43512,0.9941,15.8243,0.9958,16.21349,0.9971,16.602
68,0.9987,16.99187,0.9992,17.38105,0.9999,17.77024,1,18.15943)

N(6,2)%90+N(12,2)%10
CONT(0.001,0.2568088,0.003,0.6459962,0.0052,1.035184,0.0095,1.424371,0.016
7,1.813558,0.0256,2.202746,0.0396,2.591933,0.0619,2.98112,0.0882,3.370308,0.1
216,3.759495,0.1628,4.148682,0.2122,4.53787,0.2676,4.927057,0.3351,5.316 245,
0.3966,5.705432,0.4629,6.094619,0.5325,6.483807,0.5991,6.872994,0.6602,7.262
181,0.7136,7.651369,0.7609,8.040556,0.8036,8.429743,0.8374,8.818931,0.8612,9.
208118,0.8805,9.597306,0.8956,9.986493,0.9097,10.37568,0.9215,10.76487,0.931
7,11.15406,0.9405,11.54324,0.9494,11.93243,0.9569,12.32162,0.9659,12.7108,0.9
716,13.09999,0.9785,13.48918,0.9833,13.8792,1,18.15943)
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_EXPO(4) + EXPO(6) karma dagilimi igin olusturulan ampirik dagilimlar

EXPO(4)%50+EXPO(6)%50

CONT(0.0178,0.07969,0.0487,0.2375,0.0832,0.3954,0.1163,0.553,0.145,0.7111,0.
1732,0.868,0.1964,1.026,0.2246,1.184,0.2486,1.3425,0.2718,1.5004,0.2967,1.6582
,0.3208,1.8116,0.3412,1.9739,0.3603,2.1318,0.382,2.2896,0.4027,2.4475,0.4193,2.
6054,0.4371,2.7632,0.4556,2.9211,0.4723,3.0789,0.4889,3.2368,0.5056,3.3946,0.5
191,3.5525,0.5353,3.7104,0.5462,3.8682,0.5597,4.026,0.573,4.1839,0.5888,4.3418
0.601,4.4996,0.6132,4.6575,0.6249,4.8154,0.6354,4.9732,0.6455,5.1311,0.6566,5.
2889,0.6681,5.4468,0.6781,5.6046,0.6866,5.7625,0.6967,5.9204,0.7064,6.0782,0.7
146,6.2361,0.7252,6.3939,0.7347,6.5518,0.7426,6.7096,0.7497,6.8675,0.7563,7.02
5,0.7638,7.1832,0.7707,7.3411,0.778,7.4989,0.7841,7.6568,0.7911,7.8146,0.7987,
7.9725,0.8051,8.1303,0.8109,8.2882,0.8175,8.4461,0.822,8.6039,0.8271,8.7618,0.
8337,8.9196,0.8394,9.0777,0.8436,9.2353,0.8481,9.3932,0.8535,9.5511,0.8578,9.7
089,0.8611,9.8668,0.8659,10.0246,0.8699,10.182,0.874,10.34,0.8781,10.4982,0.88
05,10.656,0.8847,10.8139,0.8885,10.9718,0.8929,11.1296,0.8965,11.2875,0.8994,
11.4454,0.903,11.603,0.9053,11.7611,0.9085,11.9189,0.9105,12.076,0.9128,12.23
46,0.9157,12.3925,0.9189,12.5504,0.9211,12.708,0.923,12.866,0.9251,13.0239,0.9
273,13.1818,0.9295,13.339,0.9318,13.4975,0.9338,13.6553,0.936,13.8132,0.9374,
13.9711,0.9388,14.128,0.9403,14.2868,0.9415,14.4446,0.943,14.6025,0.9447,14.7
6,0.9464,14.918,0.9483,15.076,0.9497,15.2339,0.9513,15.3918,0.9528,15.5496,0.9
542,15.707,0.9553,15.8653,0.956,16.023,0.9577,16.1811,0.9601,16.3389,0.9615, 1
6.4968,0.9626,16.6546,0.9632,16.8125,0.9647,16.9703,0.9658,17.1282,0.9662,17.
2861,0.9671,17.4439,0.9679,17.6018,0.9688,17.7596,0.9694,17.9175,0.9702,18.07
53,0.9709,18.2332,0.9719,18.3911,0.9726,18.5489,0.9732,18.7068,0.9744,18.8646
,0.9748,19.022,0.9753,19.1803,0.9759,19.3382,0.9764,19.4961,0.9770,19.6539,0.9

78,19.8118,0.9785,19.9696,0.979,20.1275,0.9796,20.2853,0.9799,20.4432,0.9804,
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20.6011,0.981,20.7589,0.9812,20.9168,0.9814,21.0746,0.9819,21.2325,0.9826,21.

3903,0.9827,21.5482,0.9829,21.706,0.9832,21.8639,0.9841,22.0218,0.9844,22.179
6,0.9849,22.3375,0.9851,22.4953,0.9859,22.6532,0.9862,22.8111,0.987,22.9689,0.
9872,23.1268,0.9873,23.2846,0.9876,23.4425,0.988,23.6003,0.9884,23.7582,0.988
6,23.9161,0.9888,24.073,0.9893,24.2318,0.9899,24.3896,0.9904,24.5475,0.9907,2

4.705,0.9914,24.8632,0.9915,25.0211,0.9915,25.1789,0.9916,25.3368,0.9918,25.4

946,0.9919,25.6525,0.9921,25.8103,0.9922,25.9682,0.9923,26.1261,0.9926,26.283
9,0.9927,26.4418,0.9928,26.5996,0.9929,26.7575,0.9932,27.0732,0.9935,27.2311,

0.9938,27.388,0.9942,27.5468,0.9943,27.7046,0.9945,27.8625,0.9946,28.0203,0.9

949,28.1782,0.995,28.3361,0.9951,28.6518,0.9952,28.8096,0.9954,28.9675,0.9956
,29.1253,0.9956,29.2832,0.9958,29.4411,0.996,29.5989,0.9961,29.7568,0.9962,29.
9146,0.9965,30.23038,0.9966,30.388,0.9969,31.0196,0.997,31.3353,0.9971,31.493
2,0.9972,31.6510,0.9973,31.8089,0.9974,31.9668,0.9975,32.1246,0.9976,32.756,0.
9977,32.9139,0.9978,33.0718,0.9982,34.0189,0.9984,34.1768,0.9985,34.3346,0.99
86,34.4952,0.9987,35.1239,0.9989,35.7553,1,37.018)

EXPO(4)%60+EXPO(6)%40
CONT(0.0188,0.079,0.0521,0.237548,0.0864,0.3954,0.1192,0.5532,0.1485,0.7111
0.1778,0.8689766,0.2020,1.0268,0.2315,1.1846,0.2562,1.3425,0.2811,1.500405,0.
3072,1.658262,0.3328,1.816119,0.3531,1.9739,0.3725,2.131833,0.3928,2.28969,0.
4137,2.447547,0.4304,2.6054,0.4492,2.763261,0.4679,2.921118,0.4853,3.078975,
0.5023,3.236832,0.5182,3.394689,0.5323,3.5525,0.5479,3.7104,0.5592,3.8682,0.5
731,4.026117,0.5858,4.183974,0.6017,4.341831,0.6128,4.499688,0.6244,4.657545
0.6364,4.815402,0.6477,4.973259,0.6591,5.131116,0.6704,5.2889,0.6818,5.44683
0.6916,5.604687,0.7001,5.762544,0.7107,5.920401,0.7203,6.078258,0.7289,6.236
115,0.738,6.393972,0.7469,6.551829,0.755,6.709686,0.7627,6.867543,0.7693,7.02
54,0.771,7.183257,0.7842,7.341114,0.7912,7.498971,0.7972,7.656,0.8044,7.814,0.
8125,7.972542,0.8197,8.1303,0.8255,8.288,0.8319,8.446,0.8367,8.603,0.8422,8.79

18,0.848,8.9196,0.8535,9.077,0.8574,9.2353,0.8615,9.3932,0.8662,9.5511,0.8702,
172



9.7089,0.8734,9.8668,0.8776,10.024,0.8815,10.18,0.885,10.34,0.8887,10.49,0.890

9,10.65,0.8949,10.81,0.8983,10.97,0.902,11.12,0.9054,11.28,0.9085,11.44,0.9116,

11.603,0.914,11.761,0.9173,11.9189,0.9187,12.076,0.9206,12.23,0.9233,12.39,0.9

264,12.55,0.9286,12.70,0.9304,12.86,0.9323,13.02,0.9344,13.18,0.9364,13.33,0.93
84,13.49,0.9402,13.65,0.9425,13.81,0.944,13.97,0.9451,14.12,0.9463,14.28,0.9474
,14.44,0.949,14.602,0.9507,14.76,0.9523,14.91,0.954,15.07,0.9557,15.23,0.9575,1

5.39,0.9586,15.54,0.9598,15.70754,0.9607,15.86,0.9613,16.0232,0.963,16.1811,0.

9652,16.33,0.9667,16.49,0.9676,16.65,0.9681,16.81,0.9695,16.97,0.9705,17.12,0.9
708,17.28611,0.9716,17.44,0.9724,17.60182,0.9731,17.75,0.9736,17.91753,0.9745
,18.075,0.975,18.233,0.9759,18.39,0.9765,18.54896,0.977,18.70682,0.978,18.86,0.
9783,19.02,0.9788,19.18039,0.9795,19.33,0.9799,19.4961,0.9804,19.65,0.9813,19.
811,0.9818,19.96,0.9823,20.12,0.9827,20.28,0.9828,20.44,0.9833,20.60,0.9838,20.
75,0.984,20.91,0.9842,21.07,0.9847,21.23,0.9851,21.39,0.9852,21.54,0.9853,21.7,

0.9856,21.86,0.9862,22.02,0.9865,22.17,0.987,22.33,0.9871,22.49,0.9878,22.65,0.

9881,22.81,0.9888,22.96,0.989,23.12,0.9891,23.28,0.9894,23.44,0.9898,23.6,0.990
1,23.75,0.9903,23.91,0.9905,24.07,0.991,24.23,0.9916,24.38,0.9919,24.54,0.9921,

24.7,0.9928,24.86,0.9929,25.02,1,27.7)

EXPO(4)%70+EXPO(6)%30
CONT(0.0158,0.0693,0.047,0.2066,0.072,0.343,0.1078,0.4810,0.1353,0.618285,0.
1633,0.755,0.1889,0.8927,0.211,1.0299,0.2366,1.167195,0.26,1.304422,0.281,1.44
16,0.3031,1.5788,0.3268,1.7161,0.3478,1.8533,0.3648,1.990558,0.3838,2.127785,
0.4015,2.265013,0.4187,2.40224,0.4361,2.5394,0.4508,2.6766,0.4674,2.813922,0.
4837,2.9511,0.5001,3.088,0.5143,3.22,0.5284,3.362831,0.5411,3.5,0.5548,3.6372,
0.5682,3.774513,0.5792,3.91,0.5903,4.0489,0.6027,4.1861,0.6164,4.323422,0.626
9,4.4606,0.6369,4.597876,0.6475,4.7351,0.657,4.8723,0.6671,5,0.6773,5.146785,0
.6867,5.284012,0.6976,5.42124,0.7058,5.5584,0.7137,5.695694,0.7211,5.832921,0
.7306,5.970149,0.7384,6.1073,0.7454,6.244,0.7533,6.3818,0.7622,6.591,0.7682,6.

6562,0.7752,6.793512,0.7818,6.93,0.787,7.067,0.7926,7.2051,0.7993,7.3424,0.805
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2,7.4796,0.811,7.6168,0.8218,7.89133,0.8283,8.028558,0.8346,8.1657,0.8395,8.30
3012,0.8452,8.440239,0.8487,8.577,0.8536,8.7146,0.8573,8.851921,0.8626,8.9891
48,0.8670,9.1263,0.8699,9.2636,0.8735,9.400830,0.8775,9.538057,0.8816,9.6752,
0.8838,9.812512,0.8865,9.949739,0.8902,10.08697,0.8933,10.22419,0.8961,10.36,
0.8986,10.49865,0.9004,10.63588,0.9033,10.7731,0.9062,10.91033,0.9098,11.047,
0.9122,11.184,0.9156,11.322,0.9179,11.45,0.92,11.596,0.9222,11.733,0.9248,11.8
709,0.9268,12,0.928,12.145,0.9301,12.282,0.9318,12.41,0.9347,12.55,0.9362,12.6
9,0.9378,12.83,0.9393,12.9687,0.941,13.10,0.9428,13.24,0.9444,13.38,0.9462,13.5
176,0.9475,13.65488,0.9495,13.79,0.9506,13.92,0.9513,14.066,0.9521,14.203,0.95
33,14.34,0.9544,14.47,0.9556,14.61,0.957,14.752,0.9584,14.8899,0.9595,15.02,0.9
611,15.16,0.9624,15.30,0.9633,15.43,0.9641,15.57,0.9651,15.71,0.9659,15.85,0.96
67,15.98,0.9683,16.12,0.9694,16.26,0.971,16.39,0.9718,16.53,0.9724,16.67,0.9728
,16.811,0.9739,16.9483,0.9746,17.085,0.9754,17.222,0.9757,17.36,0.9763,17.49,0.
9772,17.63,0.9776,17.77,0.9801,18.59,0.9805,18.73,0.9813,18.86,0.9816,19.006,0.
9816,19.14,0.9828,19.28,0.9831,19.41,0.9832,19.555,0.9839,19.69,0.9843,19.83 0.
9847,19.96,0.9849,20.10,0.9855,20.24,0.9858,20.37,0.9859,20.51,0.9864,20.65,0.9
866,20.79,0.9872,21.202,0.9876,21.33,0.9877,21.47,0.9879,21.61,0.988,21.75,0.98
82,21.88,0.9887,22.02,0.989,22.16,0.9895,22.3,0.9895,22.43,0.9895,22.57,0.9901,
22.71,0.9906,22.84,0.9927,24.22,0.994,24.77,0.995,26.27,0.996,28.2,0.9977,30.25,
1,37)

EXPO(4)%80+EXPO(6)%20

CONT(0.016,0.06648,0.0466,0.19792,0.0785,0.32935,0.1062,0.46079,0.1351,0.59
2236,0.1624,0.72367,0.1875,0.855113,0.2101,0.98655,0.236,1.11799,0.2583,1.249
4,0.2793,1.38086,0.3012,1.5123,0.3243,1.64374,0.3484,1.7751,0.3667,1.9066,0.38
37,2.038059,0.4017,2.1694,0.4185,2.3,0.4352,2.4323,0.4497,2.5638,0.4641,2.6952
0.4807,2.8266,0.4969,2.95,0.5136,3.089,0.5275,3.221,0.5421,3.3524,0.5539,3.483
8,0.5667,3.6153,0.5805,3.7467,0.5911,3.8781,0.6037,4.0096,0.6145,4.14107,0.627

,4.2725,0.6396,4.4095,0.648,4.535,0.6579,4.666,0.6682,4.7982,0.6773,4.9297,0.68
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65,5.061144,0.6963,5.1925,0.7064,5.324,0.7152,5.4554,0.723,5.5868,0.7306,5.718
3,0.7384,5.8497,0.7473,5.981213,0.7548,6.1126,0.768,6.3755,0.776,6.5069,0.7812
,6.6384,0.788,6.7698,0.7942,6.901282,0.80,7.03272,0.8059,7.164159,0.8116,7.295
5,0.818,7.427,0.8236,7.5584,0.8282,7.6899,0.8328,7.821351,0.8387,7.9527,0.8439
,8.0842,0.8508,8.2156,0.855,8.3471,0.8594,8.4785,0.8632,8.6099,0.8675,8.74142,

0.8719,8.872859,0.8768,9.0042,0.8802,9.1357,0.8832,9.267174,0.8865,9.3986,0.8

896,9.53005,0.8929,9.661489,0.8955,9.7929,0.8979,9.9243,0.9014,10.0558,0.9042
,10.18,0.9067,10.31,0.9095,10.45,0.9111,10.58,0.9133,10.71,0.9166,10.84,0.9189,

10.97,0.9217,11.10,0.9238,11.23,0.9263,11.37,0.9283,11.5,0.9306,11.63,0.9322,11
.76,0.9343,11.89,0.9357,12.0273,0.9369,12.15,0.9387,12.29,0.9396,12.42,0.942,12
.55,0.9431,12.68,0.9447,12.81,0.946,12.94,0.9472,13.07,0.9493,13.21,0.9508,13.3

4,0.9518,13.47,0.9534,13.6,0.9545,13.73,0.9559,13.86,0.9565,13.99,0.9573,14.13,

0.9583,14.26,0.9594,14.39,0.9601,14.52,0.961,14.65,0.9623,14.78,0.9631,14.91,0.

964,15.05,0.9655,15.18,0.967,15.31,0.9675,15.44,0.9682,15.57,0.969,15.7,0.9698,

15.83,0.9707,15.97,0.9717,16.1,0.9729,16.23,0.9737,16.36,0.975,16.49,0.9756, 16.

62,0.9758,16.75,0.9767,16.89,0.9774,17.02,0.9784,17.15,0.9786,17.28,0.979,17.41
,0.9799,17.54,0.9803,17.67,0.9807,17.81,0.9807,17.94,0.9815,18.07,0.9819,18.2,0.
9823,18.33,0.9827,18.46,0.9829,18.59,0.9843,18.86,0.9875,20.04,0.9891,20.70,0.9
915,22.27,0.9928,22.93,0.9943,24.38,1,29)

EXPO(4)%90+EXPO(6)%10

CONT(0.0162,0.06648,0.0481,0.1979207,0.0804,0.3293591,0.1101,0.4607976,0.1
383,0.592236,0.1672,0.7236,0.193,0.855,0.2168,0.98655,0.2435,1.11799,0.2662, 1.
2494,0.2874,1.38086,0.3103,1.512305,0.3329,1.643744,0.3572,1.775182,0.3763, 1.
90662,0.3933,2.03805,0.4114,2.1694,0.4284,2.3,0.4455,2.4323,0.4611,2.563813,0.
4756,2.695251,0.4981,2.82669,0.5083,2.9581,0.5251,3.089567,0.5398,3.221,0.552
8,3.35244,0.5658,3.483882,0.5794,3.6115321,0.5928,3.7467,0.6036,3.8781,0.616,
4.009636,0.6271,4.14107,0.6389,4.272513,0.6511,4.403951,0.6603,4.53539,0.6 71

2,4.666828,0.6807,4.7982,0.6892,4.9297,0.6984,5.0611,0.7079,5.192582,0.7185,5.
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324020,0.7274,5.455459,0.7353,5.5868,0.7437,5.7183,0.751,5.849774,0.7603,5.98
12,0.7678,6.1126,0.773,6.244,0.7802,6.3755,0.787,6.506967,0.792,6.638405,0.798
8,6.7698,0.8044,6.901282,0.8102,7.03272,0.8161,7.164159,0.8218,7.295597,0.828
2,7.427036,0.8336,7.558474,0.8378,7.6899,0.8423,7.821351,0.8479,7.95279,0.853
2,8.084228,0.8601,8.21566,0.8646,8.347105,0.8692,8.478543,0.873,8.609982,0.87
71,8.74142,0.8809,8.872859,0.8858,9.0042,0.8895,9.135736,0.8921,9.267174,0.89
56,9.398613,0.8985,9.530051,0.9017,9.6614,0.9042,9.792928,0.9072,9.92,0.911,1

0.05,0.9137,10.18,0.916,10.31,0.9186,10.45,0.9203,10.58,0.9223,10.713,0.9252,10
.844,0.9273,10.97587,0.9299,11.10731,0.9317,11.23875,0.9343,11.37,0.9363,11.5

0163,0.9383,11.633,0.9398,11.76,0.9414,11.8959,0.9429,12.02,0.944,12.15882,0.9
453,12.29,0.9461,12.4217,0.9482,12.55314,0.9495,12.68457,0.951,12.816,0.9522,

12.94745,0.9534,13.07889,0.9556,13.21033,0.9569,13.34177,0.9578,13.47,0.959,1
3.6,0.9598,13.73,0.9612,13.86,0.9617,13.99,0.9623,14.13,0.9632,14.26,0.9641,14.

39,0.9648,14.52,0.9658,14.65,0.9668,14.78,0.9677,14.91,0.9685,15.05,0.9699,15.1
8,0.9714,15.31,0.9719,15.44,0.9725,15.57,0.9739,15.83,0.9747,15.97,0.9767,16.23
,0.9788,16.49,0.9817,17.15,0.9834,17.67,0.9854,18.33,0.9874,18.86,0.9887,19.38,

0.9904,20.04,0.991,20.17,0.992,20.70,0.9935,22.01,0.9951,22.93,1,30)
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_EXPO(3) + EXPO(6) karma dagilimi igin olusturulan ampirik dagilimlar

EXPO(3)%40+EXPO(6)%60
CONT(0.0208,0.0905632,0.0639,0.270,0.1045,0.45052,0.1417,0.63051,0.1772,0.8
1049,0.2096,0.99047,0.2405,1.170458,0.274,1.35044,0.2993,1.530423,0.3294,1.71
,0.3545,1.890388,0.3742,2.07037,0.4012,2.250353,0.4252,2.430335,0.4489,2.6103
17,0.4694,2.7903,0.489,2.9702,0.5068,3.150265,0.5259,3.3302,0.5426,3.51023,0.5
603,3.690212,0.5732,3.870195,0.59,4.050177,0.6052,4.23016,0.6189,4.410142,0.6
342,4.590124,0.6478,4.770107,0.66,4.95,0.6715,5.130072,0.683,5.31,0.694,5.49,0.
706,5.670019,0.7153,5.850002,0.725,6.029984,0.734,6.2099,0.744,6.3899,0.754,6.
569931,0.7621,6.749914,0.77,6.9298,0.7775,7.109879,0.784,7.2898,0.7907,7.4698
44,0.7985,7.649826,0.8059,7.829808,0.8131,8,0.8206,8.189773,0.826,8.369756,0.
8317,8.549738,0.8368,8.729721,0.8433,8.909703,0.8482,9.089686,0.8525,9.2696,
0.8576,9.449651,0.8627,9.629633,0.866,9.809615,0.8702,9.98,0.874,10.16958,0.8
815,10.52955,0.8855,10.70953,0.8885,10.88951,0.8933,11.06949,0.8967,11.24948
,0.9002,11.42946,0.9038,11.60944,0.9065,11.78942,0.9105,11.96,0.9138,12.14,0.9
177,12.32,0.9207,12.509,0.923,12.68,0.9254,12.86,0.928,13.0493,0.9302,13.22,0.9
326,13.40926,0.9351,13.58925,0.9376,13.76,0.9392,13.94,0.9414,14.12,0.9427,14.
309,0.9445,14.48,0.9456,14.669,0.9476,14.84,0.9493,15.02911,0.9513,15.209,0.95
23,15.38907,0.9538,15.56905,0.9552,15.749,0.9562,15.92902,0.9575,16.109,0.959
4,16.28898,0.9609,16.46897,0.9619,16.64895,0.9644,17.00891,0.9658,17.1889,0.9
666,17.36888,0.9679,17.54886,0.969,17.7288,0.9712,18.26,0.9738,18.8,0.9746,18.
98872,0.9751,19.6187,0.9757,19.34,0.9772,19.7,0.9801,20.24,0.9819,21.32849,0.9
824,21.688,0.9838,22.04842,0.9848,22.40839,0.9859,22.76835,0.9867,22.94833,0.
9872,23.12832,0.9884,23.66826,0.9897,24.38819,0.9922,26.368,1,30)
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EXPO(3)%50+EXPO(6)%50

CONT(0.0197,0.0795008,0.0596,0.2373585,0.098,0.3952161,0.1343,0.553,0.2012
0.8687891,0.2282,1.026647,0.2586,1.1845,0.2881,1.3423,0.313,1.50022,0.3387, 1.
658077,0.3634,1.815935,0.384,1.973793,0.4059,2.13165,0.4279,2.2895,0.45,2.44,
0.4699,2.605223,0.4899,2.763081,0.5057,2.920939,0.5231,3.078796,0.541,3.2366
54,0.5577,3.394511,0.572,3.552369,0.5861,3.710227,0.5976,3.868084,0.6117,4.02
5942,0.6243,4.1838,0.6372,4.341657,0.6505,4.499515,0.6635,4.657373,0.6758,4.8
1523,0.6858,4.973088,0.6961,5.130946,0.7059,5.288803,0.7152,5.446661,0.7255,
5.604519,0.7341,5.762376,0.7435,5.920234,0.7511,6.078091,0.7594,6.235949,0.7
681,6.393807,0.7773,6.551664,0.7849,6.709522,0.7912,6.86738,0.7971,7.025237,
0.8034,7.183095,0.8084,7.340953,0.8145,7.49881,0.8203,7.6566,0.8258,7.814526,
0.8317,7.972383,0.8386,8.130241,0.8436,8.288099,0.8483,8.445956,0.8526,8.603
814,0.8568,8.761672,0.8618,8.919529,0.8661,9.077387,0.8689,9.235244,0.8729 9.
393102,0.8777,9.55096,0.8814,9.708817,0.8841,9.866675,0.8876,10.02453,0.8909
,10.18239,0.8941,10.34025,0.897,10.49811,0.8991,10.65596,0.9019,10.81382,0.90
47,10.97168,0.9087,11.12954,0.9114,11.28739,0.9138,11.44525,0.9172,11.60311,
0.9189,11.76097,0.9219,11.91882,0.9237,12.07668,0.9264,12.23454,0.9291,12.39
240,0.9314,12.55026,0.9333,12.70811,0.935,12.86597,0.9369,13.02383,0.9384,13.
18169,0.9403,13.33954,0.9422,13.4974,0.9444,13.65526,0.9464,13.81312,0.9479,
13.97097,0.9495,14.12883,0.9503,14.28669,0.9515,14.44455,0.9529,14.6024,0.95
42,14.76026,0.9557,14.91812,0.9573,15.07598,0.9586,15.23384,0.9595,15.39169,
0.9611,15.54955,0.9622,15.70741,0.963,15.86527,0.9638,16.02312,0.9651,16.180
98,0.9666,16.33884,0.9679,16.4967,0.9687,16.65455,0.9694,16.81241,0.9707,16.9
7027,0.9719,17.12813,0.9723,17.28598,0.9731,17.44384,0.9753,17.91742,0.9758,
18.07,0.9775,18.54,0.979,18.86456,0.9797,19.18028,0.9804,19.49,0.982,19.96,0.9
822,20.12742,0.9827,20.28,0.9835,20.60,0.984,20.91671,0.9844,21.23,0.9851,21.3
9,0.9855,21.86,0.9865,22.02171,0.987,22.49,0.9876,22.65,0.9883,22.96,0.9892,23.
60029,0.9896,23.75815,0.9896,23.91601,0.9897,24.07386,0.9901,24.23172,0.9906

,24.38,1,30)
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EXPO(3)%60+EXPO(6)%40
CONT(0.0216,0.0795008,0.0639,0.2373585,0.1055,0.3952161,0.1414,0.5530738,
0.1776,0.7109314,0.2113,0.8687891,0.2401,1.026647,0.2729,1.184504,0.3048,1.3
42362,0.3302,1.500220,0.3561,1.658077,0.3825,1.815935,0.4037,1.973793,0.4271
2.13165,0.449,2.289508,0.4705,2.447366,0.4911,2.605223,0.5119,2.763081,0.528
3,2.920939,0.5458,3.078796,0.5642,3.236654,0.5795,3.394511,0.5942,3.552369,0.
6083,3.710227,0.6213,3.868084,0.6361,4.025942,0.6485,4.1838,0.6609,4.341657,
0.6739,4.499515,0.6864,4.657373,0.6985,4.81523,0.7078,4.973088,0.7187,5.1309
46,0.7284,5.288803,0.7375,5.446661,0.7478,5.604519,0.7564,5.762376,0.7661,5.9
20234,0.7745,6.078091,0.7833,6.235949,0.791,6.393807,0.8002,6.551664,0.8077,
6.709522,0.814,6.86738,0.8197,7.025237,0.8256,7.183095,0.8305,7.340953,0.836
2,7.49881,0.8413,7.656668,0.8464,7.814526,0.8521,7.972383,0.8587,8.130241,0.8
632,8.288099,0.8671,8.445956,0.8719,8.603814,0.8763,8.761672,0.8805,8.919529
0.8843,9.077387,0.887,9.235244,0.8904,9.393102,0.8945,9.55096,0.8978,9.70881
7,0.9006,9.866675,0.9036,10.02453,0.9067,10.18239,0.9095,10.34025,0.9121,10.4
9811,0.914,10.65596,0.9165,10.81382,0.9191,10.97168,0.9227,11.12954,0.9253, 1
1.28739,0.9277,11.44525,0.9306,11.60311,0.9322,11.76097,0.9351,11.91882,0.93
64,12.07668,0.9386,12.23454,0.9409,12.3924,0.943,12.55026,0.9448,12.70811,0.9
463,12.86597,0.9478,13.02383,0.9488,13.18169,0.9502,13.33954,0.9518,13.4974,
0.9538,13.65526,0.9557,13.81312,0.957,13.97097,0.9582,14.12883,0.9587,14.286
69,0.9598,14.44455,0.9611,14.60240,0.9622,14.76026,0.9634,14.91812,0.9646,15.
07598,0.96509,15.23384,0.9666,15.39169,0.9677,15.54955,0.9686,15.70741,0.9691
15.86527,0.9698,16.02312,0.9709,16.18098,0.9722,16.33884,0.9735,16.4967,0.97
41,16.65455,0.9747,16.81241,0.9758,16.97027,0.9769,17.12813,0.9773,17.28598,
0.978,17.44384,0.9786,17.6017,0.9793,17.75956,0.9799,17.91742,0.9803,18.0752
7,0.9806,18.23313,0.9811,18.39099,0.9817,18.54885,0.9823,18.7067,0.9829,18.86
456,0.9832,19.02242,0.9835,19.18028,0.9839,19.33813,0.9841,19.49599,0.9845, 1
9.65385,0.9851,19.81171,0.9855,19.96956,0.9857,20.12742,0.986,20.28528,0.986

1,20.44314,0.9866,20.601,0.9869,20.75885,0.987,20.91671,0.9872,21.07457,0.987
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5,21.23243,0.9878,21.39028,0.9879,21.54814,0.9882,21.86386,0.9893,22.49529,0.
9906,23.28458,1,30)

EXPO(3)%70+EXPO(6)%30
CONT(0.0201,0.0691859,0.0592,0.2064,0.0957,0.3436,0.1325,0.4808,0.1661,0.61
80,0.1967,0.7553,0.2277,0.8925,0.2556,1.0297,0.2843,1.167,0.3141,1.3042,0.3368
1.441,0.3604,1.5786,0.3833,1.7159,0.4068,1.8531,0.4239,1.9903,0.4461,2.1276,0.
4658,2.2648,0.4862,2.4020,0.5054,2.5392,0.5233,2.6765,0.5408,2.8137,0.5569,2.9
509,0.5719,3.0882,0.587,3.2254,0.6021,3.3626,0.6147,3.4998,0.6284,3.6371,0.640
7,3.7743,0.6524,3.91156,0.6657,4.0487,0.6759,4.1860,0.6874,4.3232,0.6984,4.460
4,0.7084,4.5977,0.718,4.7349,0.7284,4.8721,0.737,5.0093,0.7461,5.1466,0.7539,5.
2838,0.762,5.4210,0.7713,5.5583,0.7791,5.6955,0.7858,5.8327,0.7938,5.9699,0.80
14,6.1072,0.8089,6.2444,0.8151,6.3816,0.8229,6.5188,0.8289,6.6561,0.8351,6.793
3,0.8402,6.9305,0.8444,7.0678,0.8487,7.2050,0.8531,7.3422,0.8577,7.4794,0.8624
7.6167,0.866,7.7539,0.8705,7.8911,0.8747,8.0284,0.8796,8.1656,0.8825,8.3028,0.
8866,8.440088,0.8903,8.5773,0.8938,8.7145,0.8967,8.8517,0.9001,8.9889,0.9027,
9.1262,0.9046,9.2634,0.9073,9.40068,0.9105,9.5379,0.9133,9.6751,0.9146,9.8123,
0.9171,9.9495,0.9197,10.0868,0.9222,10.224,0.9241,10.3612,0.9256,10.4985,0.92
72,10.6357,0.9292,10.7729,0.9306,10.91019,0.9337,11.0474,0.9358,11.1846,0.938
4,11.32187,0.9402,11.459,0.9503,12.28247,0.955,12.69415,0.9605,13.38029,0.965
8,13.9292,0.9702,14.75257,0.9747,15.57594,0.9805,16.81099,0.9851,18.04604,0.9
9,20.7906,1,30)

EXPO(3)%80+EXPO(6)%20
CONT(0.0203,0.06629,0.0607,0.1977,0.0987,0.329169,0.1342,0.4606,0.1688,0.59
204,0.2,0.7234,0.2318,0.8549,0.2591,0.9863,0.2886,1.1178,0.3181,1.2492,0.3458,
1.380682,0.3676,1.5121,0.3912,1.6435,0.4126,1.775,0.4338,1.906439,0.4507,2.03
7878,0.4729,2.169317,0.495,2.300756,0.5133,2.432195,0.5299,2.5636,0.5476,2.69

50,0.5645,2.8265,0.5798,2.9579,0.5956,3.089391,0.6107,3.22083,0.6254,3.35226,
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0.6382,3.4837,0.6508,3.6151,0.6632,3.7465,0.6748,3.878025,0.6889,4.009464,0.6
993,4.140903,0.7094,4.27343,0.7193,4.403782,0.7307,4.535221,0.739,4.6666,0.74
93,4.798099,0.757,4.929538,0.7655,5.060977,0.7743,5.192416,0.7813,5.323855,0.
7891,5.455294,0.798,5.586733,0.8041,5.718173,0.8111,5.849612,0.8182,5.981051
0.8254,6.11249,0.832,6.243929,0.8378,6.375368,0.8442,6.506807,0.8495,6.63824
6,0.8554,6.7696,0.8606,6.901124,0.865,7.032564,0.8696,7.164003,0.8739,7.29544
2,0.8779,7.426881,0.8831,7.55832,0.8861,7.689759,0.8898,7.821198,0.8933,7.952
6,0.9011,8.215515,0.9073,8.478394,0.9104,8.609833,0.9136,8.741272,0.9165,8.87
2711,0.9191,9.00415,0.921,9.135589,0.923,9.267028,0.925,9.398467,0.9272,9.529
906,0.9309,9.792784,0.9331,9.924224,0.935,10.05566,0.9371,10.1871,0.9402,10.4
4998,0.9414,10.58142,0.9446,10.8443,0.9464,10.97574,0.9491,11.10718,0.9506,1
1.23861,0.954,11.50149,0.9563,11.76437,0.9592,12.02725,0.9604,12.15869,0.962
1,12.29013,0.963,12.42157,0.9642,12.55,0.9651,12.68444,0.9664,12.81588,0.9673
,12.94732,0.9691,13.21020,0.9699,13.34164,0.9719,13.60452,0.9728,13.73596,0.9
742,13.99884,0.9753,14.26171,0.9768,14.52459,0.9789,15.05035,0.9805, 15.44467
0.982,15.83898,0.9847,16.49618,0.9862,17.02193,0.9873,17.41625,0.99,18.73064
1,30)

EXPO(3)%90+EXPO(6)%10
CONT(0.0209,0.0662915,0.0639,0.1977306,0.104,0.3291697,0.1401,0.4606088,0.
1763,0.5920479,0.2095,0.723487,0.2424,0.8549261,0.2717,0.9863652,0.3029,1.11
7804,0.3327,1.249243,0.3611,1.380682,0.3839,1.512122,0.4078,1.643561,0.4299,
1.775,0.4525,1.906439,0.4701,2.037878,0.4921,2.169317,0.5144,2.300756,0.5338,
2.432195,0.5506,2.563634,0.5686,2.695073,0.5858,2.826513,0.6012,2.957952,0.6
173,3.089391,0.6321,3.22083,0.6465,3.352269,0.661,3.483708,0.6734,3.615147,0.
6852,3.746586,0.6969,3.878025,0.7106,4.009464,0.7213,4.140903,0.7317,4.27234
3,0.7414,4.403782,0.7531,4.535221,0.7611,4.666,0.7708,4.798099,0.7788,4.92953
8,0.7872,5.060977,0.7957,5.192416,0.8028,5.323855,0.8107,5.455294,0.82,5.5867

33,0.8262,5.718173,0.8328,5.849612,0.8403,5.981051,0.8477,6.11249,0.8543,6.24
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3929,0.8597,6.375368,0.865,6.506807,0.8698,6.638246,0.8759,6.769585,0.8801,6.
901124,0.8846,7.032564,0.8891,7.164003,0.8928,7.295442,0.8969,7.426881,0.902
2,7.55832,0.9048,7.6897,0.9079,7.821198,0.9108,7.952637,0.9142,8.084076,0.918
1,8.215515,0.9209,8.346954,0.924,8.478394,0.9298,8.741272,0.932,8.87,0.936,9.1
35589,0.9395,9.3984,0.9415,9.5299,0.9447,9.792784,0.9487,10.05566,0.9526,10.3
1854,0.9545,10.58142,0.957,10.8443,0.9607,11.10718,0.9637,11.37005,0.9666,11.
63293,0.9688,11.89581,0.971,12.15,0.973,12.42157,0.9786,13.34164,0.9805,13.73
596,0.9826,14.13027,0.9842,14.65603,0.9854,15.05035,0.988,15.83898,0.9901,16.
49618,0.9918,17.15337,0.995,19.38784,1,30)
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EKY:

EXPO(2.4) + EXPO(6) karma dagilimi icin olusturulan ampirik dagilimlar

EXPO(2.4)%20+EXPO(6)%80
CONT(0.0201,0.0911343,0.0588,0.2711148,0.0981,0.4510953,0.1313,0.6310759,
0.1656,0.8110564,0.1962,0.9910369,0.2254,1.171017,0.2553,1.350998,0.2786,1.5
30979,0.3062,1.710959,0.3294,1.89094,0.3518,2.070920,0.3766,2.250901,0.3996,
2.430881,0.4247,2.610862,0.4431,2.7908,0.461,2.970823,0.4788,3.150803,0.4961,
3.330784,0.5121,3.510764,0.5282,3.690745,0.5407,3.870726,0.5535,4.050706,0.5
686,4.230687,0.5832,4.410667,0.5992,4.590648,0.6121,4.770628,0.625,4.950609,
0.6359,5.130589,0.6473,5.3105,0.6593,5.49,0.67,5.670531,0.679,5.850511,0.6888,
6.030492,0.6987,6.210472,0.7088,6.390453,0.72,6.57,0.7279,6.7504,0.736,6.9303
95,0.7446,7.110375,0.7508,7.29,0.7575,7.470336,0.7658,7.650317,0.7727,7.83029
7,0.7817,8.010278,0.7884,8.190258,0.7937,8.370239,0.80,8.550219,0.8053,8.7302
,0.8131,8.9101,0.8189,9.0901,0.8233,9.2701,0.835,9.6301,0.8392,9.81,0.844,9.99,
0.8483,10.17,0.8525,10.35,0.8567,10.53,0.8608,10.70999,0.8705,11.06995,0.8745,
11.24993,0.8821,11.60989,0.8846,11.78987,0.8892,11.96,0.8931,12.14983,0.8981,
12.32981,0.9012,12.50979,0.9044,12.68977,0.9067,12.86975,0.9099,13.04973,0.9
126,13.22971,0.9188,13.58967,0.9217,13.76965,0.9238,13.94964,0.9261,14.12962
0.9282,14.3096,0.9303,14.48958,0.9322,14.66956,0.9344,14.84954,0.9367,15.029
52,0.9387,15.2095,0.9402,15.38948,0.942,15.56946,0.945,15.92,0.9512,16.64934,
0.9557,17.18929,0.9602,17.90921,0.9647,18.80911,0.9674,19.34905,0.9703,19.88
899,0.974,20.7889,0.976,21.50882,0.979,22.22874,0.9805,22.76868,0.9855,24.388
51,0.9884,25.64837,0.9901,26.72825,1,30)
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EXPO(2.4)%30+EXPO(6)%70
CONT(0.0217,0.0911343,0.0654,0.2711148,0.1071,0.4510953,0.1446,0.6310759,
0.1821,0.8110564,0.2158,0.9910369,0.2487,1.171017,0.2793,1.350998,0.3033,1.5
30979,0.3314,1.170959,0.3565,1.89094,0.3808,2.07092,0.4051,2.250901,0.4278, 2.
430881,0.4529,2.610862,0.4722,2.790842,0.4896,2.970823,0.5078,3.150803,0.525
6,3.330784,0.5421,3.510764,0.5583,3.690745,0.572,3.870726,0.5846,4.050706,0.5
997,4.230687,0.6133,4.410667,0.6291,4.590648,0.6425,4.770628,0.6548,4.950609
0.6664,5.130589,0.6776,5.31057,0.6891,5.49055,0.6994,5.670531,0.708,5.850511
0.718,6.030492,0.7272,6.210472,0.7359,6.390453,0.7473,6.570434,0.7549,6.7504
14,0.7627,6.930395,0.7708,7.110375,0.7767,7.290356,0.7822,7.470336,0.7897,7.6
50317,0.7964,7.830297,0.8045,8.010278,0.8108,8.190258,0.8157,8.370239,0.8212
,8.550219,0.826,8.7302,0.8331,8.91018,0.8388,9.09016,0.8428,9.270142,0.8476,9.
450122,0.8531,9.630103,0.8571,9.810083,0.8613,9.990064,0.8652,10.17004,0.869
2,10.35002,0.8729,10.53001,0.8767,10.70999,0.8804,10.88997,0.8859,11.06995,0.
8897,11.24993,0.8929,11.42991,0.8966,11.60989,0.8991,11.78987,0.9032,11.9698
5,0.9069,12.14983,0.9112,12.32981,0.9139,12.50979,0.9168,12.68977,0.9189,12.8
6975,0.9216,13.04973,0.924,13.22971,0.9272,13.40969,0.9295,13.58967,0.9321,1
3.76965,0.9338,13.94964,0.9356,14.12962,0.9374,14.3096,0.9396,14.48958,0.941
2,14.66956,0.9433,14.84954,0.9451,15.02952,0.9469,15.2095,0.9481,15.38948,0.9
497,15.56946,0.9511,15.74944,0.9521,15.92942,0.9533,16.10940,0.9554,16.28938
0.9568,16.46936,0.958,16.64934,0.9591,16.82932,0.9609,17.0093,0.9621,17.1892
9,0.9628,17.36927,0.9643,17.54925,0.9654,17.72923,0.9663,17.90921,0.9669,18.0
8919,0.9677,18.26917,0.9684,18.44915,0.969,18.62913,0.9701,18.80911,0.9709,1
8.98909,0.9714,19.16907,0.9722,19.34905,0.9727,19.52903,0.9738,19.70901,0.97
48,19.88899,0.9754,20.06897,0.9761,20.24895,0.9767,20.42893,0.9772,20.60892,
0.9779,20.7889,0.9781,20.96888,0.9785,21.14886,0.9792,21.32884,0.9796,21.508
82,0.9799,21.6888,0.9805,21.86878,0.9815,22.04879,0.9822,22.22874,0.9851,23.1
2864,0.99,25.46839,1,30)
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EXPO(2.4)%40+EXPO(6)%60
CONT(0.0242,0.0904494,0.0717,0.2704322,0.1163,0.4504151,0.1577,0.6303979,
0.1977,0.8103807,0.2324,0.9903636,0.2672,1.170346,0.3006,1.350329,0.3264,1.5
30312,0.356,1.170295,0.3828,1.890278,0.4068,2.070261,0.4333,2.250243,0.4568,
2.430226,0.4823,2.610209,0.5028,2.790192,0.5212,2.970175,0.539,3.150158,0.55
78,3.33014,0.5751,3.510123,0.5926,3.690106,0.6066,3.870089,0.6197,4.050072,0.
6343,4.230054,0.6475,4.410037,0.662,4.59002,0.6749,4.77,0.6867,4.949986,0.697
7,5.129960,0.7081,5.309951,0.7192,5.489934,0.7291,5.669917,0.7369,5.8499,0.74
63,6.029883,0.7545,6.209866,0.7626,6.389848,0.7734,6.569831,0.7801,6.749814,
0.787,6.929797,0.7944,7.10978,0.7999,7.289763,0.8055,7.469745,0.8125,7.64972
8,0.8189,7.829711,0.8264,8.009694,0.8319,8.189677,0.8365,8.36966,0.8411,8.549
642,0.8455,8.729625,0.8517,8.909608,0.8568,9.08959,0.8608,9.269574,0.8655,9.4
49557,0.8701,9.629539,0.874,9.629539,0.8776,9.989505,0.8811,10.16949,0.885, 1
0.34947,0.8884,10.52945,0.8919,10.70944,0.895,10.88942,0.8996,11.0694,0.903, 1
1.24938,0.9061,11.42937,0.9094,11.60935,0.9118,11.78933,0.9157,11.96932,0.91
88,12.1493,0.9221,12.32928,0.9247,12.50926,0.9273,12.68925,0.9295,12.86923,0.
9319,13.04921,0.934,13.2292,0.9365,13.40918,0.9387,13.58916,0.941,13.76914,0.
9424,13.94913,0.9442,14.12911,0.9456,14.30909,0.9474,14.48908,0.9486,14.6690
6,0.9506,14.84904,0.9522,15.02902,0.9538,15.20901,0.9548,15.38899,0.9561,15.5
6897,0.9575,15.74896,0.9582,15.92894,0.9594,16.10892,0.9613,16.2889,0.9627,1
6.46889,0.9637,16.64887,0.9643,16.82885,0.9659,17.00884,0.9671,17.18882,0.96
78,17.3688,0.969,17.54878,0.97,17.72877,0.9707,17.90875,0.9712,18.08873,0.971
7,18.26872,0.9724,18.4487,0.9729,18.62868,0.9739,18.80866,0.9749,18.98865,0.9
754,19.16863,0.976,19.34861,0.9764,19.52859,0.9774,19.70858,0.9783,19.88856,
0.9786,20.06854,0.9791,20.24853,0.9797,20.42851,0.9802,20.60849,0.9809,20.78
847,0.9811,20.96846,0.9813,21.14844,0.982,21.32842,0.9822,21.50841,0.9825,21.
68839,0.983,21.86837,0.9839,22.04835,0.9846,22.22834,0.9849,22.40832,0.9853,
22.5883,0.986,22.76829,0.9868,22.94827,0.9873,23.12825,0.9875,23.30823,0.987
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7,23.48822,0.9884,23.6682,0.9885,23.84818,0.9886,24.02817,0.9891,24.20815,0.9
897,24.38813,0.9902,24.56811,0.9906,24.7481,0.9909,24.92808,1,30)

EXPO(2.4)%50+EXPO(6)%50
CONT(0.0231,0.079387,0.0695,0.237245,0.1118,0.3951031,0.1539,0.5529611,0.1
919,0.7108191,0.225,0.8686772,0.259,1.026535,0.2914,1.184393,0.3207,1.342251
,0.3479,1.500109,0.3715,1.657967,0.3994,1.815825,0.4233,1.973683,0.4448,2.131
541,0.4672,2.289399,0.4888,2.447257,0.5117,2.605115,0.5303,2.762974,0.5464,2.
920832,0.562,3.07869,0.5801,3.236548,0.5963,3.394406,0.6103,3.552264,0.6256,
3.710122,0.6388,3.86798,0.6498,4.025838,0.6622,4.183696,0.6742,4.341554,0.68
71,4.499412,0.6997,4.65727,0.7098,4.815128,0.7201,4.972986,0.7291,5.130844,0.
7381,5.288702,0.7477,5.44656,0.7562,5.604418,0.7631,5.762276,0.7707,5.920134
0.7782,6.077992,0.7851,6.23585,0.7925,6.393708,0.8018,6.551566,0.8079,6.7094
24.0.8134,6.867282,0.8182,7.02514,0.8241,7.182998,0.8281,7.340856,0.8329,7.49
8714,0.8377,7.656572,0.8423,7.81443,0.848,7.972289,0.8531,8.130147,0.8569,8.2
88005,0.8609,8.445863,0.8641,8.603721,0.8678,8.761579,0.8727,8.919437,0.8769
0.077295,0.8796,9.235153,0.8829,9.393011,0.8875,9.550869,0.8909,9.708727,0.8
939,9.866585,0.8971,10.02444,0.8999,10.1823,0.9026,10.34016,0.9056,10.49802,
0.9074,10.65588,0.9099,10.81373,0.9126,10.97159,0.9165,11.12945,0.9193,11.28
731,0.921,11.44517,0.9241,11.60302,0.9257,11.76088,0.9285,11.91874,0.9302,12.
0766,0.9322,12.23446,0.9346,12.39231,0.9367,12.55017,0.9386,12.70803,0.9401,
12.86589,0.9418,13.02375,0.9433,13.1816,0.945,13.33946,0.947,13.49732,0.9488,
13.65518,0.9506,13.81304,0.9519,13.97089,0.9531,14.12875,0.9541,14.28661,0.9
553,14.44447,0.9564,14.60233,0.9575,14.76018,0.9592,14.91804,0.9606,15.0759,
0.9616,15.23376,0.9625,15.39162,0.9638,15.54947,0.9648,15.70733,0.9655,15.86
519,0.9661,16.02305,0.9674,16.18091,0.9689,16.33876,0.97,16.49662,0.9708,16.6
5448,0.9713,16.81234,0.9725,16.97020,0.9733,17.12805,0.9736,17.28591,0.9744,
17.44377,0.9749,17.60163,0.9757,17.75949,0.9762,17.91734,0.9766,18.0752,0.97

69,18.23306,0.9774,18.39092,0.9779,18.54878,0.9784,18.70663,0.9792,18.86449,
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0.9797,19.02235,0.98,19.18021,0.9804,19.33807,0.9811,19.65378,0.9836,20.6009
3,0.99,24.23167,1,30)

EXPO(2.4)%60+EXPO(6)%40

CONT(0.0259,0.079387,0.0751,0.237245,0.1208,0.3951031,0.1654,0.5529611,0.2
05,0.7108191,0.2409,0.8686772,0.2781,1.026535,0.3121,1.184393,0.3422,1.34225
1,0.3713,1.500109,0.3962,1.657967,0.4259,1.815825,0.4505,1.973683,0.474,2.131
541,0.4961,2.289399,0.5171,2.447257,0.5404,2.605115,0.559,2.762974,0.5761,2.9
20832,0.5934,3.07869,0.6126,3.236548,0.6278,3.394406,0.6419,3.552264,0.6568,
3.710122,0.6697,3.86798,0.6807,4.025838,0.6926,4.183696,0.7049,4.341554,0.71
73,4.499412,0.7288,4.46727,0.7398,4.815128,0.7508,4.972986,0.7602,5.130844,0.
7688,5.288702,0.7777,5.44656,0.7857,5.604418,0.7924,5.762276,0.7998,5.920134
0.8069,6.077992,0.8132,6.23585,0.8191,6.393708,0.8276,6.551566,0.8335,6.7094
24,0.8393,6.867282,0.8442,7.02514,0.8495,7.182998,0.8532,7.340856,0.8577,7.49
8714,0.8618,7.656572,0.8662,7.81443,0.872,7.972289,0.8769,8.130147,0.8803,8.2
88005,0.8837,8.445863,0.8867,8.603721,0.8905,8.761579,0.8947,8.919437,0.8987
0.077295,0.9016,9.235153,0.9041,9.393011,0.9080,9.550869,0.9109,9.708727,0.9
135,9.866585,0.916,10.02444,0.9186,10.1823,0.9206,10.34016,0.923,10.49802,0.9
245,10.65588,0.9268,10.81373,0.9291,10.97159,0.9322,11.12945,0.9347,11.28731
,0.936,11.44517,0.9384,11.60302,0.9398,11.76088,0.9424,11.91874,0.9435,12.076
6,0.9449,12.23446,0.9468,12.39231,0.9487,12.55017,0.9505,12.70803,0.9517,12.8
6589,0.953,13.02375,0.954,13.1816,0.9552,13.33946,0.9569,13.49732,0.9583,13.6
5518,0.9601,13.81304,0.9612,13.97089,0.962,14.12875,0.9627,14.28661,0.9638, 1
4.44447,0.9648,14.60233,0.9657,14.76018,0.9671,14.91804,0.9681,15.0759,0.969
1,15.23376,0.9698,15.39162,0.9706,15.54947,0.9714,15.70733,0.9718,15.86519,0.
9723,16.02305,0.9734,16.18091,0.9747,16.33876,0.9758,16.49662,0.9764,16.6544
8,0.9769,16.81234,0.9779,16.9702,0.9786,17.12805,0.9788,17.28591,0.9795,17.44
377,0.98,17.60163,0.9806,17.75949,0.981,17.91734,0.9813,18.0752,0.9814,18.233
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06,0.9818,18.39092,0.9822,18.54878,0.9826,18.70663,0.9832,18.86449,0.9836,19.
02235,0.9843,19.33807,0.9854,19.81164,0.9868,20.60093,0.99,22.65309,1,30)

EXPO(2.4)%70+EXPO(6)%30
CONT(0.0241,0.0690721,0.0705,0.2063004,0.1146,0.3435287,0.1561,0.480757,0.
1924,0.6179852,0.2313,0.7552135,0.2653,0.8924418,0.2991,1.02967,0.3285,1.166
898,0.3571,1.304127,0.3828,1.441355,0.406,1.578583,0.4327,1.715811,0.4588,1.8
5304,0.4802,1.990268,0.5023,2.127496,0.5226,2.264725,0.5413,2.401953,0.5617,
2.539181,0.5818,2.676409,0.5978,2.813638,0.6133,2.950866,0.6284,3.088094,0.6
441,3.225323,0.6582,3.362551,0.6703,3.499779,0.6846,3.637007,0.6962,3.774236
0.7071,3.911464,0.7167,4.048692,0.7269,4.18592,0.7379,4.323149,0.7484,4.4603
77,0.7572,4.597605,0.7659,4.734834,0.7765,4.872062,0.7861,5.00929,0.7935,5.14
6518,0.8008,5.283747,0.8088,5.420975,0.8151,5.558203,0.8213,5.695432,0.8268,
5.83266,0.833,5.969888,0.8385,6.107116,0.8434,6.244345,0.8481,6.381573,0.855
3,6.518801,0.8602,6.656029,0.8653,6.793258,0.8692,6.930486,0.873,7.067714,0.8
764,7.204943,0.8794,7.342171,0.8826,7.479399,0.8862,7.616627,0.8888,7.753856
0.8929,7.891084,0.8971,8.028312,0.9005,8.165541,0.9025,8.302769,0.9055,8.439
997,0.9078,8.577225,0.9104,8.714454,0.9132,8.851682,0.9162,8.98891,0.9189,9.1
26138,0.9209,9.263367,0.9229,9.400595,0.9259,9.537823,0.9285,9.675052,0.9303
0.81228,0.9316,9.949508,0.9333,10.08674,0.9355,10.22396,0.937,10.36119,0.938
3,10.49842,0.9395,10.63565,0.941,10.77288,0.9428,10.91011,0.9451,11.04733,0.9
468,11.18456,0.9486,11.32179,0.9497,11.45902,0.9515,11.59625,0.9524,11.73348
,0.9541,11.8707,0.9553,12.00793,0.9562,12.14516,0.9576,12.28239,0.9589,12.419
62,0.9604,12.55685,0.9616,12.69407,0.9628,12.8313,0.9635,12.96853,0.9643,13.1
0576,0.965,13.24299,0.9661,13.38022,0.9671,13.51744,0.9682,13.65467,0.9697,1
3.7919,0.9705,13.92913,0.9709,14.06636,0.9712,14.20358,0.972,14.34081,0.9729,
14.47804,0.9735,14.61527,0.9741,14.7525,0.9753,14.88973,0.9759,15.02695,0.97
66,15.16418,0.977,15.30141,0.9774,15.43864,0.9779,15.57587,0.9786,15.7131,0.9
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803,16.12478,0.9817,16.39924,0.9825,16.67369,0.9841,17.08538,0.985,17.49706,
0.9861,17.90875,0.9865,18.45766,0.9879,19.1438,0.99,20.51,1,30)

EXPO(2.4)%80+EXPO(6)%20

CONT(0.0242,0.0661777,0.0734,0.1976172,0.119,0.3290567,0.1596,0.4604962,0.
1985,0.5919356,0.2372,0.7233751,0.2717,0.8548146,0.3071,0.9862541,0.3411,1.1
17694,0.3694,1.249133,0.3958,1.380572,0.4213,1.512012,0.4432,1.643451,0.4701
,1.774891,0.4946,1.90633,0.5168,2.03777,0.5374,2.169209,0.5574,2.300649,0.575
9,2.432088,0.5954,2.563528,0.6136,2.694967,0.6296,2.826407,0.6448,2.957846,0.
6601,3.089286,0.6753,3.220725,0.6885,3.352165,0.7012,3.483604,0.7151,3.6 1504
4,0.7261,3.746483,0.7382,3.877923,0.7571,4.140801,0.7669,4.272241,0.7773,4.40
368,0.7858,4.53512,0.7939,4.666559,0.8029,4.797999,0.8125,4.929438,0.8199,5.0
60878,0.827,5.192317,0.8337,5.323757,0.8409,5.455196,0.8472,5.586636,0.8523,
5.718075,0.8578,5.849515,0.8635,5.980954,0.8684,6.112394,0.872,6.243833,0.87
66,6.375273,0.8821,6.506712,0.8865,6.638151,0.8903,6.769591,0.8945,6.901030,
0.8977,7.03247,0.9011,7.163909,0.904,7.295349,0.9067,7.426788,0.9103,7.55822
8,0.9125,7.689667,0.9149,7.821107,0.9188,7.952546,0.9217,8.083986,0.9244,8.21
5425,0.9265,8.346865,0.9283,8.478304,0.9305,8.609744,0.9329,8.741183,0.9357,
8.872623,0.938,9.004062,0.9398,9.135502,0.9418,9.266941,0.9431,9.39838,0.945
1,9.52982,0.947,9.661259,0.9487,9.792699,0.9498,9.924138,0.9511,10.05558,0.95
27,10.18702,0.9542,10.31846,0.9552,10.4499,0.9563,10.58134,0.9574,10.71278,0.
959,10.84421,0.9602,10.97565,0.9622,11.10709,0.9633,11.23853,0.9643,11.36997
0.9652,11.50141,0.9667,11.63285,0.9673,11.76429,0.9687,11.89573,0.9695,12.02
717,0.9701,12.15861,0.9709,12.29005,0.9715,12.42149,0.9725,12.55293,0.9732,1
2.68437,0.9741,12.81581,0.9744,12.94725,0.975,13.07869,0.9757,13.21013,0.976
3,13.34156,0.9769,13.473,0.9778,13.60444,0.9787,13.73588,0.9796,13.99876,0.97
99,14.1302,0.9802,14.26164,0.981,14.39308,0.9815,14.52452,0.9817,14.65596,0.9
822,14.7874,0.9828,14.91884,0.9832,15.05028,0.9838,15.18172,0.9841,15.31316,

0.9842,15.4446,0.9846,15.57604,0.985,15.70748,0.9852,15.83891,0.9857,15.9703
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5,0.986,16.10179,0.9866,16.23323,0.9867,16.36467,0.9875,16.49611,0.9877,16.62
755,0.9901,17.81051,1,30)

EXPO(2.4)%90+EXPO(6)%10
CONT(0.054,0.0661777,0.0776,0.1976172,0.1259,0.3290567,0.1692,0.4604962,0.
2101,0.5919356,0.2507,0.7233751,0.288,0.8548146,0.3248,0.9862541,0.361,1.117
694,0.39,1.249133,0.4176,1.380572,0.4454,1.512012,0.4677,1.643451,0.4946,1.77
4891,0.5206,1.90633,0.5432,2.03777,0.5646,2.169209,0.5847,2.300649,0.6044,2.4
32088,0.6237,2.563528,0.6416,2.694967,0.6592,2.826407,0.6735,2.957846,0.6889
,3.089286,0.7047,3.220725,0.7177,3.352165,0.7307,3.483604,0.7453,3.615044,0.7
556,3.746483,0.7676,3.877923,0.7773,4.009362,0.7866,4.140801,0.7961,4.272241
,0.8065,4.40368,0.8154,4.53512,0.8231,4.666559,0.8319,4.797999,0.8418,4.92943
8,0.8492,5.060878,0.856,5.192317,0.8625,5.323757,0.8699,5.455196,0.876,5.5866
36,0.8814,5.718075,0.8865,5.849515,0.8926,5.980954,0.8975,6.112394,0.9007,6.2
43833,0.9045,6.375273,0.9084,6.506712,0.9125,6.638151,0.9156,6.769591,0.9191
,6.90103,0.922,7.03247,0.9251,7.163909,0.9272,7.295349,0.9294,7.426788,0.9324
7.558228,0.9345,7.689667,0.9363,7.821107,0.9396,7.952546,0.942,8.083986,0.94
46,8.215425,0.9466,8.346865,0.9481,8.478304,0.9498,8.609744,0.9517,8.741183,
0.9537,8.872623,0.9558,9.004062,0.9576,9.135502,0.9594,9.266941,0.9603,9.398
38,0.9619,9.52982,0.9634,9.661259,0.9651,9.792699,0.9662,9.924138,0.9671,10.0
5558,0.9684,10.18702,0.9697,10.31846,0.9706,10.4499,0.9714,10.58134,0.9721,1
0.71278,0.9733,10.84421,0.9742,10.97565,0.9759,11.10709,0.9768,11.23853,0.97
77,11.36997,0.9783,11.50141,0.9793,11.63285,0.9799,11.76429,0.9808,11.89573,
0.9815,12.02717,0.982,12.15861,0.9825,12.29005,0.9829,12.42149,0.9835,12.552
93,0.984,12.68437,0.9846,12.81581,0.9848,12.94725,0.9853,13.07869,0.9903,14.9
1884,1,30)

EKS:
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_EXPO(2) + EXPO(6) karma dagilimi igin olusturulan ampirik dagilimlar

EXPO(2)%20+EXPO(6)%80
CONT(0.0217,0.0911343,0.0642,0.2711148,0.1044,0.4510953,0.1402,0.6310759,
0.1754,0.8110564,0.2064,0.9910369,0.2369,1.171017,0.2667,1.350998,0.2903,1.5
30979,0.3184,1.7109509,0.3432,1.89094,0.3646,2.07092,0.39,2.250901,0.4136,2.43
0881,0.4376,2.610862,0.4566,2.790842,0.4749,2.970823,0.4921,3.150803,0.5077,
3.330784,0.5222,3.510764,0.5392,3.690745,0.5516,3.870726,0.5643,4.050706,0.5
796,4.230687,0.5931,4.410667,0.6087,4.590648,0.6205,4.770628,0.633,4.950609,
0.6431,5.130589,0.6541,5.31057,0.6661,5.49055,0.677,5.670531,0.6858,5.850511,
0.6951,6.030492,0.7041,6.210472,0.7143,6.390453,0.7245,6.570434,0.7322,6.750
414,0.74,6.930395,0.7481,7.110375,0.7543,7.290356,0.7615,7.470336,0.7691,7.65
0317,0.776,7.830297,0.7845,8.010278,0.7913,8.190258,0.7966,8.370239,0.8026,8.
550219,0.8078,8.7302,0.8151,8.91018,0.821,9.090161,0.8254,9.270142,0.831,9.45
0122,0.8372,9.630103,0.8411,9.810083,0.8459,9.990064,0.8503,10.17004,0.85486,
10.35002,0.8586,10.53001,0.8628,10.70999,0.8665,10.88997,0.8723,11.06995,0.8
750,11.24993,0.8795,11.42991,0.8837,11.60989,0.8861,11.78987,0.8904,11.96985
0.894,12.14983,0.8991,12.32981,0.9023,12.50979,0.9054,12.68977,0.9076,12.86,
0.9108,13.04973,0.9134,13.22971,0.9171,13.40969,0.9195,13.58967,0.9221,13.76
965,0.9242,13.94964,0.9265,14.12962,0.9286,14.3096,0.9307,14.48958,0.9325,14.
66956,0.9345,14.84954,0.9368,15.02952,0.9388,15.2095,0.9403,15.38948,0.9421,
15.56946,0.9437,15.74944,0.945,15.92942,0.9463,16.1094,0.9486,16.28938,0.949
9,16.46936,0.9512,16.64934,0.9525,16.83932,0.9544,17.0093,0.9557,17.18929,0.9
565,17.36927,0.9581,17.54925,0.9593,17.72923,0.9602,17.90921,0.9609,18.08919
0.9619,18.26917,0.9629,18.44915,0.9635,18.62913,0.9647,18.80911,0.9656,18.98
909,0.9663,19.16907,0.9674,19.34905,0.968,19.52903,0.9693,19.70901,0.9703,19.
88899,0.9709,20.06897,0.9717,20.24895,0.9724,20.42893,0.9731,20.60892,0.974,
20.7889,0.9742,20.96888,0.9747,21.14886,0.9754,21.32884,0.976,21.50882,0.976

3,21.6888,0.977,21.86878,0.978,22.04876,0.979,22.22874,0.9793,22.40872,0.9797
191



22.5887,0.9805,22.76868,0.9816,22.94866,0.9821,23.12864,0.9824,23.30862,0.99
26.72,1,30)

EXPO(2)%30+EXPO(6)%70
CONT(0.0238,0.0911343,0.0728,0.2711148,0.1174,0.4510953,0.1578,0.6310759,
0.1967,0.8110564,0.2323,0.9910369,0.2647,1.171017,0.2948,1.350998,0.32,1.530
979,0.3506,1.710959,0.3767,1.89094,0.3998,2.07092,0.4266,2.250901,0.4481,2.43
0881,0.471,2.610862,0.4914,2.790842,0.5097,2.970823,0.5274,3.150803,0.5433,3.
330784,0.5586,3.510764,0.5755,3.690745,0.5883,3.870726,0.6007,4.050706,0.617
1,4.230687,0.6297,4.410667,0.6448,4.590648,0.6566,4.770628,0.6683,4.950609,0.
6783,5.130589,0.689,5.31057,0.7004,5.49055,0.7106,5.670531,0.7189,5.850511,0.
7278,6.030492,0.7356,6.210472,0.744,6.390453,0.7538,6.570434,0.761,6.750414,
0.7682,6.930395,0.7756,7.110375,0.7814,7.290356,0.7877,7.470336,0.7949,7.650
317,0.8014,7.830297,0.8088,8.010278,0.8154,8.190258,0.8203,8.370239,0.8253 8.
550219,0.83,8.7302,0.8364,8.91018,0.842,9.09016,0.8461,9.270142,0.851,9.45012
2,0.8565,9.630103,0.8598,9.810083,0.864,9.990064,0.8681,10.17004,0.8721,10.35
002,0.8756,10.53001,0.8795,10.70999,0.8829,10.88997,0.8882,11.06995,0.8916,1
1.24993,0.895,11.42991,0.8986,11.60989,0.901,11.78987,0.9048,11.96985,0.9083,
12.14983,0.9127,12.32981,0.9155,12.50979,0.9182,12.68977,0.9202,12.86975,0.9
229,13.04973,0.9252,13.22971,0.9283,13.40969,0.9305,13.58967,0.9329,13.76965
0.9346,13.94964,0.9364,14.12962,0.9381,14.3096,0.9402,14.48958,0.9416,14.669
56,0.9435,14.84954,0.9453,15.02952,0.9471,15.2095,0.9483,15.38948,0.9499,15.5
6946,0.9512,15.74944,0.9522,15.92942,0.9534,16.1094,0.9555,16.28938,0.9568, 1
6.46936,0.958,16.64934,0.9591,16.82932,0.9609,17.0093,0.9621,17.18929,0.9628,
17.36927,0.9643,17.54925,0.9654,17.72923,0.9663,17.90921,0.9669,18.08919,0.9
677,18.26917,0.9684,18.44915,0.969,18.62913,0.9701,18.80911,0.9709,18.98909,
0.9714,19.16907,0.9722,19.34905,0.9727,19.52903,0.9738,19.70901,0.9748,19.88
899,0.9754,20.06897,0.9761,20.24895,0.9767,20.42893,0.9772,20.60892,0.9779,2

0.7889,0.9781,20.96888,0.9785,21.14886,0.9792,21.32884,0.9796,21.50882,0.979
192



9,21.6888,0.9805,21.86878,0.9815,22.04876,0.9822,22.22874,0.9825,22.40872,0.9
829,22.5887,0.9837,22.76868,0.9856,23.4886,0.99,25.46839,1,30)

EXPO(2)%40+EXPO(6)%60

CONT(0.0271,0.0903725,0.0808,0.2703556,0.13,0.4503387,0.1752,0.6303218,0.2
162,0.8103049,0.2542,0.990288,0.2892,1.170271,0.3209,1.350254,0.3497,1.53023
7,0.3817,1.71022,0.4091,1.890203,0.4329,2.070186,0.4613,2.25017,0.4843,2.4301
53,0.5076,2.610136,0.5295,2.790119,0.5484,2.970102,0.5658,3.150085,0.5823,3.3
30068,0.5987,3.510051,0.6158,3.690034,0.6285,3.870017,0.6412,4.05,0.656,4.229
984,0.668,4.409967,0.682,4.58995,0.6927,4.769933,0.704,4.949916,0.7136,5.1298
99,0.7231,5.309882,0.7341,5.489865,0.7437,5.669848,0.7512,5.849831,0.7592,6.0
29814,0.7659,6.209797,0.7741,6.389781,0.7828,6.569764,0.789,6.749747,0.7951,
6.92973,0.8015,7.109713,0.8067,7.289696,0.8124,7.469679,0.8191,7.649662,0.82
52,7.829645,0.8321,8.009628,0.8381,8.189611,0.8426,8.369595,0.8468,8.549578,
0.8511,8.729561,0.8567,8.909544,0.8616,9.089527,0.8656,9.26951,0.8701,9.4494
93,0.8746,9.629476,0.8776,9.809459,0.8811,0.989442,0.8848,10.16943,0.8884, 10.
34941,0.8917,10.52939,0.8954,10.70937,0.8981,10.88936,0.9024,11.06934,0.9055
11.24932,0.9087,11.42931,0.9118,11.60929,0.9142,11.78927,0.918,11.96926,0.92
09,12.14924,0.9244,12.32922,0.927,12.50921,0.9293,12.68919,0.9313,12.86917,0.
9337,13.04915,0.9357,13.22914,0.938,13.40912,0.9401,13.5891,0.9422,13.76909,
0.9436,13.94907,0.9453,14.12905,0.9465,14.30904,0.9481,14.48902,0.9491,14.66
9,0.9508,14.84899,0.9524,15.02897,0.954,15.20895,0.955,15.38893,0.9563, 15.568
92,0.9577,15.7489,0.9584,15.92888,0.9596,16.10887,0.9615,16.28885,0.9628,16.4
6883,0.9638,16.64882,0.9644,16.8288,0.966,17.00878,0.9672,17.18877,0.9679,17.
36875,0.9691,17.54873,0.9701,17.72872,0.9708,17.9087,0.9713,18.08868,0.9718,
18.26866,0.9725,18.44865,0.973,18.62863,0.974,18.80861,0.9749,18.9886,0.9754,
19.16858,0.976,19.34856,0.9764,19.52855,0.9774,19.70853,0.9782,19.88851,0.97
86,20.0685,0.9791,20.24848,0.9797,20.42846,0.9802,20.60844,0.9809,20.78843,0.

9811,20.96841,0.9813,21.14839,0.982,21.32838,0.9822,21.50836,0.9825,21.68834
193



,0.983,21.86833,0.9839,22.04831,0.9846,22.22829,0.9849,22.40828,0.9853,22.588
26,0.986,22.76824,0.99,24.56807,1,30)

EXPO(2)%50+EXPO(6)%50
CONT(0.0262,0.0793101,0.0793,0.2371684,0.1256,0.3950267,0.1709,0.552885,0.
2118,0.7107433,0.2519,0.8686016,0.2849,1.02646,0.3186,1.184318,0.3476,1.3421
76,0.3762,1.500035,0.4057,1.657893,0.4316,1.815751,0.455,1.97361,0.478,2.1314
68,0.5008,2.289326,0.5216,2.447184,0.5417,2.605043,0.5621,2.762901,0.5783,2.9
20759,0.5946,3.078618,0.6118,3.236476,0.6271,3.394334,0.6403,3.552192,0.6556
,3.710051,0.6668,3.867909,0.6775,4.025767,0.6894,4.183626,0.7016,4.341484,0.7
125,4.499342,0.7239,4.6572,0.7325,4.815059,0.7416,4.972917,0.7497,5.130775,0.
7579,5.288634,0.7666,5.446492,0.7739,5.60435,0.7808,5.762208,0.7881,5.920067
0.7934,6.077925,0.7994,6.235783,0.8064,6.393642,0.8136,6.5515,0.8191,6.70935
8,0.8235,6.867217,0.8274,7.025075,0.8328,7.182933,0.8371,7.340791,0.8414,7.49
865,0.8462,7.656508,0.8504,7.814366,0.8555,7.972225,0.8606,8.130083,0.8646,8.
287941,0.8685,8.445799,0.8714,8.603658,0.8748,8.761516,0.8789,8.919374,0.882
9,9.077233,0.8855,9.235091,0.889,9.392949,0.8931,9.550807,0.8965,9.708666,0.8
988,9.866524,0.9016,10.02438,0.9045,10.18224,0.9071,10.34010,0.91,10.49796,0.
9118,10.65582,0.9141,10.81367,0.9164,10.97153,0.9198,11.12939,0.9222,11.2872
5,0.9244,11.44511,0.9272,11.60297,0.9287,11.76082,0.9312,11.91868,0.9327,12.0
7654,0.9348,12.2344,0.9374,12.39226,0.9393,12.55011,0.941,12.70797,0.9423,12.
86583,0.944,13.02369,0.9452,13.18155,0.947,13.33941,0.9488,13.49726,0.9503, 1
3.65512,0.9519,13.81298,0.9532,13.97084,0.9543,14.1287,0.9551,14.28656,0.956
1,14.44441,0.9571,14.60227,0.9581,14.76013,0.9594,14.91799,0.9608,15.07585,0.
9618,15.23371,0.9627,15.39156,0.964, 15.54942,0.965,15.70728,0.9657,15.86514,
0.9663,16.023,0.9676,16.18086,0.9691,16.33871,0.9701,16.49657,0.975,17.60158,
0.98,19.18016,0.9851,21.39018,0.99,24.23163,1,30)

194



EXPO(2)%60+EXPO(6)%40
CONT(0.0297,0.0793101,0.0865,0.2371684,0.1371,0.3950267,0.1852,0.552885,0.
2292,0.7107433,0.2735,0.8686016,0.3085,1.02646,0.3436,1.184318,0.3754,1.3421
76,0.4055,1.500035,0.4364,1.657893,0.4648,1.815751,0.4888,1.97361,0.5128,2.13
1468,0.5347,2.289326,0.5557,2.447184,0.578,2.605043,0.5995,2.762901,0.6 155,2.
920759,0.6327,3.078618,0.6496,3.236476,0.6636,3.394334,0.6772,3.552192,0.692
,3.710051,0.7033,3.867909,0.7152,4.025767,0.7271,4.183626,0.7394,4.341484,0.7
495,4.499342,0.7592,4.6572,0.7677,4.815059,0.7764,4.972917,0.7841,5.130775,0.
7914,5.288634,0.7989,5.446492,0.8056,5.60435,0.8126,5.762208,0.8198,5.920067
0.8245,6.077925,0.8303,6.235783,0.8358,6.393642,0.8426,6.5515,0.8481,6.70935
8,0.8524,6.867217,0.8562,7.025075,0.8608,7.182933,0.865,7.340791,0.8691,7.498
65,0.8735,7.656508,0.8775,7.814366,0.8822,7.972225,0.8871,8.130083,0.8905,8.2
87941,0.8935,8.445799,0.8962,8.603658,0.8994,8.761516,0.9024,8.919374,0.9061
9.077233,0.9083,9.235091,0.9109,9.392949,0.9142,9.550807,0.917,9.708666,0.91
89,9.866524,0.9209,10.02438,0.9235,10.18224,0.9254,10.34010,0.9277,10.49796,
0.9292,10.65582,0.9312,10.81367,0.933,10.97153,0.9356,11.12939,0.9377,11.287
25,0.9396,11.44511,0.9416,11.60297,0.9429,11.76082,0.9452,11.91868,0.9461,12.
07654,0.9477,12.2344,0.9498,12.39226,0.9515,12.55011,0.9531,12.70797,0.9541,
12.86583,0.9554,13.02369,0.9562,13.18155,0.9574,13.33941,0.9589,13.49726,0.9
6,13.65512,0.9615,13.81298,0.9627,13.97084,0.9634,14.1287,0.9639,14.28656,0.9
648,14.44441,0.9656,14.60227,0.9664,14.76013,0.9674,14.91799,0.9684,15.07585
0.9694,15.23371,0.9701,15.39156,0.9709,15.54942,0.9717,15.70728,0.9721,15.86
514,0.9726,16.023,0.9737,16.18086,0.975,16.33871,0.976,16.49657,0.977,16.8122
9,0.978,16.97015,0.9787,17.12801,0.9789,17.28586,0.9796,17.44372,0.9801,17.60
158,0.9807,17.75944,0.9811,17.9173,0.9815,18.07515,0.9816,18.23301,0.985,19.6
5374,0.99,22.65305,0.9933,24.86306,1,30)

195



EXPO(2)%70+EXPO(6)%30
CONT(0.0277,0.0689953,0.0819,0.2062238,0.1318,0.3434523,0.1778,0.4806809,
0.2207,0.6179094,0.2621,0.7551379,0.3012,0.8923665,0.3339,1.029595,0.3649, 1.
166824,0.3938,1.304052,0.4237,1.441281,0.4513,1.578509,0.4779,1.715738,0.504
2,1.852966,0.5256,1.990195,0.5482,2.127423,0.5696,2.264652,0.5889,2.40188,0.6
075,2.539109,0.6277,2.676337,0.6443,2.813566,0.6592,2.950795,0.6736,3.099023
0.6884,3.225252,0.6999,3.36248,0.7121,3.499709,0.7237,3.636937,0.7367,3.7741
66,0.7458,3.911394,0.7564,4.048623,0.7673,4.185851,0.7769,4.323080,0.7851,4.4
60308,0.7935,4.597537,0.8003,4.734765,0.8079,4.871994,0.8154,5.009223,0.8218
5.146451,0.8276,5.28368,0.8339,5.420908,0.8393,5.558137,0.8451,5.695365,0.84
98,5.832594,0.8551,5.969822,0.859,6.107051,0.8629,6.244279,0.8671,6.381508,0.
8726,6.518736,0.8773,6.655965,0.8812,6.793193,0.8845,6.930422,0.8868,7.06 765
1,0.8894,7.204879,0.8928,7.342108,0.8957,7.479336,0.899,7.616565,0.9017,7.753
793,0.9054,7.891022,0.9086,8.02825,0.9122,8.165479,0.9141,8.302707,0.9168,8.4
39936,0.9187,8.577164,0.921,8.714393,0.9228,8.851622,0.9251,8.98885,0.9277,9.
126079,0.929,9.263307,0.9309,9.400536,0.9333,9.537764,0.9355,9.674993,0.9364
0.812221,0.9374,9.94945,0.9395,10.08668,0.9412,10.22391,0.9425,10.36114,0.94
36,10.49836,0.9447,10.63559,0.9461,10.77282,0.947,10.91005,0.949,11.04728,0.9
506,11.18451,0.9522,11.32174,0.9536,11.45896,0.955,11.59619,0.9558,11.73342,
0.9571,11.87065,0.9583,12.00788,0.9591,12.14511,0.9606,12.28233,0.962,12.419
56,0.9634,12.55679,0.9644,12.69402,0.9654,12.83125,0.9662,12.96848,0.967,13.1
0571,0.9675,13.24293,0.9684,13.38016,0.9694,13.51739,0.9713,13.79185,0.9721,
13.92908,0.9725,14.06631,0.9727,14.20353,0.9733,14.34076,0.9741,14.47799,0.9
75,14.75245,0.97583,14.88968,0.9771,15.16413,0.9775,15.30136,0.9779,15.43859
0.9783,15.57582,0.979,15.71305,0.9793,15.85028,0.9799,15.98751,0.9808,16.124
73,0.9813,16.26196,0.9822,16.39919,0.9826,16.53642,0.9829,16.67365,0.984,16.9
4811,0.99,20.37882,0.9933,23.26062,1,30)

196



EXPO(2)%80+EXPO(6)%20
CONT(0.0287,0.0661009,0.0855,0.1975406,0.1373,0.3289803,0.1856,0.4604201,
0.2297,0.5918598,0.2707,0.7232995,0.3144,0.8547393,0.3498,0.986179,0.3822, 1.
117619,0.4136,1.249058,0.4389,1.380498,0.469,1.511938,0.4975,1.643378,0.5225
,1.774817,0.5472,1.906257,0.5685,2.037697,0.5931,2.169137,0.6117,2.300576,0.6
299,2.432016,0.6474,2.563456,0.6668,2.694896,0.6816,2.826335,0.6971,2.957775
0.7112,3.089215,0.7261,3.220654,0.7372,3.352094,0.749,3.483534,0.7592,3.6 149
74,0.772,3.746413,0.7816,3.877853,0.7915,4.009293,0.802,4.140733,0.8106,4.272
172,0.8188,4.403612,0.8269,4.535052,0.8342,4.666492,0.8411,4.797931,0.8471,4.
929371,0.8538,5.060811,0.8594,5.19225,0.8641,5.32369,0.8698,5.45513,0.8746,5.
58657,0.8796,5.718009,0.8839,5.849449,0.8879,5.980889,0.8911,6.112329,0.8938
6.243768,0.8976,6.375208,0.9018,6.506648,0.906,6.638087,0.9089,6.769527,0.91
22,6.900967,0.9139,7.032407,0.9168,7.163846,0.9195,7.295286,0.9225,7.426726,
0.9254,7.558166,0.9278,7.689605,0.9295,7.821045,0.9325,7.952485,0.9351,8.083
925,0.9379,8.215364,0.9396,8.346804,0.9413,8.478244,0.9433,8.609683,0.9453 8.
741123,0.947,8.872563,0.9486,9.004003,0.9503,9.135442,0.9516,9.268682,0.9529
9.398322,0.9541,9.529762,0.9556,9.661201,0.9565,9.792641,0.9571,9.924081,0.9
586,10.05552,0.9597,10.18696,0.9607,10.3184,0.9616,10.44984,0.9623,10.58128,
0.9633,10.71272,0.9643,10.84416,0.9652,10.9756,0.9667,11.10704,0.9677,11.238
48,0.9686,11.36992,0.9696,11.50136,0.9706,11.6328,0.971,11.76424,0.9722,11.89
568,0.9729,12.02712,0.9734,12.15856,0.9743,12.29,0.9749,12.42144,0.9758,12.55
288,0.9762,12.68432,0.9769,12.81575,0.9773,12.94719,0.9779,13.07863,0.9784,1
3.21007,0.979,13.34151,0.9794,13.47295,0.9801,13.60439,0.9806,13.73583,0.981
1,13.86727,0.9815,13.99871,0.9818,14.13015,0.982,14.26159,0.985,15.44455,0.99
17.54759,0.9925,19.65062,0.995,22.27942,1,30)

EXPO(2)%90+EXPO(6)%10
CONT(0.0301,0.0661009,0.0919,0.1975406,0.1464,0.3289803,0.1985,0.4604201,

0.2443,0.5918598,0.289,0.7232995,0.3349,0.8547393,0.3724,0.986179,0.4076,1.1
197



17619,0.4406,1.249058,0.4669,1.380498,0.4985,1.511938,0.5282,1.643378,0.5536
,1.774817,0.5793,1.906257,0.602,2.037697,0.6257,2.169137,0.646,2.300576,0.664
2.432016,0.6821,2.563456,0.7015,2.694896,0.7168,2.826335,0.7329,2.957775,0.7
463,3.089215,0.7613,3.220654,0.7722,3.352094,0.7841,3.483534,0.7949,3.614974
,0.8078,3.746413,0.8172,3.877853,0.8266,4.009293,0.8374,4.140733,0.846,4.2721
72,0.8539,4.403612,0.8624,4.532052,0.8694,4.666492,0.8758,4.797931,0.8819,4.9
29371,0.8887,5.060811,0.8933,5.19225,0.8978,5.32369,0.903,5.45513,0.9076,5.58
657,0.9127,5.718009,0.9163,5.849449,0.9201,5.980889,0.9227,6.112329,0.9252,6.
243768,0.9282,6.375208,0.9307,6.506648,0.9345,6.638087,0.9369,6.769527,0.939
3,6.900967,0.9405,7.032407,0.943,7.163846,0.9449,7.295286,0.9473,7.426726,0.9
499,7.558166,0.9518,7.689605,0.953,7.821045,0.9552,7.952485,0.9575,8.083925,

0.96,8.215364,0.9614,8.346804,0.9629,8.478244,0.9643,8.609683,0.9658,8.74112

3,0.9667,8.872563,0.9676,9.004003,0.9694,9.135442,0.9706,9.266882,0.9716,9.39
8322,0.9722,9.529762,0.9732,9.661201,0.9739,9.792641,0.9746,9.924081,0.9757,

10.05552,0.9766,10.18696,0.9774,10.3184,0.9782,10.44984,0.9786,10.58128,0.97

92,10.71272,0.9797,10.84416,0.9803,10.9756,0.9813,11.10704,0.9821,11.23848,0.
9828,11.36992,0.9836,11.50136,0.9841,11.6328,0.985,11.89568,0.9859,12.15856,

0.9867,12.42144,0.9871,12.55288,0.9873,12.68432,0.9877,12.81575,0.988,12.947

19,0.9885,13.07863,0.9889,13.21007,0.9893,13.34151,0.9895,13.47295,0.9896,13.
60439,0.9897,13.73583,0.99,13.86727,0.9926,15.83887,0.9951,17.54759,0.9975,2

1.49078,1,30)
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